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1 .  In t ro d u c t io n  
Th e  p ro l i fe r a t i o n  o f  co mp u t a t io n a l  
t e ch n o lo g y h a s  gen e r a ted  a n  ex p lo s ive  
p r od u c t i on  o f  e l e c t r o n ica l l y  e n co d ed  
i n fo rma t i o n  o f  a l l  k i n ds .  In  t h e  fac e  o f  th i s ,  
t r ad i t io n a l  p ap e r -ba s ed  me th o ds  fo r  s ea r ch  
an d  i n te r p r e t a t io n  o f  d a ta  h a v e  b een  
o v e r wh e lmed  b y  s h ee r  v o lu me ,  an d  a  w id e  
v a r i e t y  o f  co mp u t a t i o n a l  me t h o d s  h av e  b een  
d ev e lop ed  i n  an  a t t e mp t  to  m ak e  th e  d e lu ge  
a t  l e a s t  t r a c tab l e .  As  s u c h  me th o d s  hav e  b een  
r e f in e d  an d  n ew o n es  in t ro du ced ,  some t h in g  
o v e r  and  ab ov e  t r a c t ab i l i t y  h a s  e me rge d  - -
n ew an d  un e xp ec te d  wa ys  o f  u n d e r s t a n d in g  
t h e  d a ta .  Th e  fac t  th a t  a  co mp u te r  c an  d e a l  
w i t h  v a s t l y  l a r ge r  d a ta s e t s  th an  a  h uman  i s  an  
o b v io us  fac to r ,  b u t  t h e r e  a r e  two  o t h e r s  o f  a t  
l e a s t  eq u a l  imp o r t an ce .  On e  i s  th e  ea s e  wi th  
wh ich  d a t a  c an  b e  man ip u la t ed  and  
r e an a l yz ed  in  in t e r e s t in g  wa ys  wi th o u t  th e  
o f t en  p ro h ib i t i v e  l ab o u r  th a t  t h i s  wo u ld  
i n v o lve  u s i n g  ma n u a l  t e ch n iqu es ,  an d  th e  
o t h e r  i s  t h e  ex tens i v e  s cop e  fo r  v i s u a l i z a t io n  
t h a t  co mp u te r  gr ap h ic s  p ro v i d e .  
Th es e  d eve lo p men t s  h av e  c l ea r  imp l i ca t i o ns  
fo r  co r p us  l in gu i s t i c s .  On  t h e  o n e  h and ,  l a r ge  
e l ec t r o n ic  co rpo r a  p o te n t i a l l y  ex p lo i t ab l e  b y  
t h e  l in gu i s t  a r e  b e in g  ge n e ra t ed  a s  a  b y-
p r od u c t  o f  th e  ma n y k i n d s  o f  d a i l y  IT - b as ed  
ac t iv i t y  wo r l d wid e ,  an d ,  o n  th e  o th e r ,  mo re  
an d  mo re  ap p l i c a t i o n - sp e c i f i c  e l e c t ro n ic  
l in gu i s t i c  co r p o ra  a r e  b e in g  co n s t ru c te d .  
E f f ec t i v e  an a l ys i s  o f  s u ch  co rpo ra  w i l l  
i n c r ea s in gl y  b e  t r a c tab l e  o n l y b y  ad ap t in g  th e  
i n t e rp r e ta t iv e  me t h o ds  d ev e l op ed  b y th e  
s t a t i s t i c a l ,  co mp u ta t io n a l  l i n gu i s t i c s ,  
i n fo rma t i o n  r e t r i ev a l ,  d a t a  mi n in g ,  an d  
r e l a t ed  co m mu n i t i e s .  
Th e  p r e s en t  ch ap te r  d ea l s  w i t h  o n e  t yp e  o f  
an a l yt i c a l  t o o l :  ex p lo r a to r y mu l t i v a r i a t e  
an a l ys i s .  Th e  d i s cu ss i o n  i s  i n  s ev en  ma in  
p a r t s .  Th e  f i r s t  p a r t  i s  t h e  p r e s en t  
i n t ro du c t io n ,  th e  s eco n d  ex p la i ns  wh a t  i s  
mean t  b y  ex p lo r a to r y mu l t iv a r i a t e  an a l ys i s ,  
t h e  t h i rd  d i s cu ss e s  th e  ch a ra c te r i s t i c s  o f  d a ta  
an d  th e  i mp l i ca t io n s  o f  t h e s e  ch a rac te r i s t i c s  
fo r  gen e ra t io n  a n d  in te rp r e ta t io n  o f  
an a l yt i c a l  r e s u l t s ,  t h e  fo u r t h  g i v e s  an  
o v e rv iew o f  t h e  v a r io u s  ex p lo ra t o ry  
an a l yt i c a l  me th o d s  cu r r en t l y  a v a i l ab le ,  t h e  
f i f t h  g iv e s  a  s ma l l  ex amp le  ap p l i c a t i o n ,  th e  
s i x th  r ev i ews  ex i s t i n g  ex p l o ra t o ry  
mu l t iv a r i a t e  an a ly t i c a l  wo rk  in  co r p us  
l in gu i s t i c s ,  an d  t h e  s ev en t h  i s  a  b ib l io gra p h y.  
Th e  ma te r i a l  i s  p r e s en t ed  in  an  i n tu i t i v e l y  
acc e ss i b le  wa y,  av o id in g  fo r ma l i s ms  a s  mu ch  
a s  p oss i b le .  Ho we v e r ,  i n  o r d er  to  wo rk  wi th  
mu l t iv a r i a t e  an a l y t i c a l  me t h o d s  s o me  
b ac k gro u nd  i n  ma t h ema t i c s  an d  s t a t i s t i c s  i s  
i n d i s pe ns ab le .   
2 .  Ex p l o ra to r y mu l t iv a r i a t e  an a l ys i s  
Ob s e r v a t i on  o f  n a t u r e  p la ys  a  fu n d amen t a l  
r o l e  i n  s c i en ce .  In  cu r r en t  s c i en t i f i c  me t h o d ,  
a  h yp o th e s i s  ab ou t  s o me  n a t u r a l  p h eno men o n  
i s  p rop o s ed  and  i t s  ad equ ac y  a s s e s s ed  u s in g  
d a t a  o b t a in ed  f r o m o b s er v a t i on  o f  th e  d o ma in  
o f  in q u i r y .  B u t  n a t u r e  i s  d au n t in gl y  c o mp l ex ,  
an d  th e r e  i s  no  p r ac t i c a l  o r  i n d eed  th eo r e t i c a l  
h o pe  o f  b e i n g  ab l e  to  o b s e rv e  ev en  a  s ma l l  
p a r t  o f  i t  ex h au s t iv e l y.  In s t ea d ,  th e  
r e s ea r ch e r  s e l ec t s  p a r t i cu l a r  a s p e c ts  o f  th e  
d o ma in  fo r  o b s e r v a t i o n .  Ea ch  s e l ec t ed  a s p e c t  
i s  r ep res en t ed  b y a  v a r i ab le ,  an d  a  se r i e s  o f  
o bs e rv a t ion s  i s  con d uc ted  i n  wh ich ,  a t  e ach  
o bs e rv a t ion ,  th e  v a lu e s  fo r  e ach  v a r i a b le  a r e  
r e co rd ed .  A  b o d y o f  d a t a  i s  t h e r eb y  b u i l t  u p  
o n  t h e  b a s i s  o f  w h i ch  a  h yp o t h e s i s  c an  b e  
a s s es s e d .  On e  mi g h t  ch oo s e  to  ob s erv e  on l y  
o n e  as p ec t  - th e  he i gh t  o f  i n d iv i d u a l s  in  a  
p o pu l a t i o n ,  s ay-  i n  wh ich  ca s e  th e  d a ta  s e t  
co ns i s t s  o f  mo re  o r  l e s s  n u mero us  v a l ues  
a s s ign ed  to  o n e  v a r i ab le ;  s u ch  a  d a ta  s e t  i s  
u n i v ar i a t e .  I f  t wo  v a lu e s  a re  o bs e rv ed  - s a y 
h e i gh t  an d  we i gh t -  t h en  th e  d a ta  s e t  i s  
b i v a r i a t e ,  i f  t h r ee  t r iv a r i a t e ,  an d  s o  o n  up  to  
s o me  a rb i t r a r y n u mb er  n ;  an y  d a ta  s e t  wh e re  
n  i s  g r ea t e r  th an  1  i s  mu l t iv a r i a t e .  
As  t h e  n u mb er  o f  v a r i a b le s  g ro ws ,  s o  do es  
t h e  d i f f i cu l t y  o f  u n d e rs t and in g  th e  d a ta ,  t h a t  
i s ,  o f  co n cep t u a l i z in g  t h e  in t e r r e l a t io n sh i ps  
o f  v a r i ab le s  w i t h in  a  s in gl e  d a t a  i t e m  o n  th e  
o n e  h an d ,  an d  t h e  i n t e r r e l a t io n s h ip s  o f  
co mp le te  d a ta  i t e ms  o n  th e  o th e r .  
M u l t iv a r i a t e  an a l ys i s  i s  t h e  co mp u t a t i o n a l  
u s e  o f  ma t h ema t i c a l  an d  s t a t i s t i c a l  t o o l s  fo r  
u n de r s t an d in g  t h e s e  i n t e r r e l a t i o n sh ip s  in  
d a t a .  
Nu mero u s  t e ch n iq u es  fo r  mu l t i v a r i a t e  
an a l ys i s  ex i s t .  Th ey  c an  b e  d i v id e d  in t o  two  
ma in  ca te go r i e s  wh i ch  a r e  o f t en  r e f e r r e d  to  
a s  ' ex p lo r a to r y '  an d  'co n f i r ma t o r y ' .  
Ex p l o ra t o ry  an a l ys i s  a i ms  to  d i s c ov e r  
r e gu la r i t i e s  i n  d a ta  wh i ch  can  s e rv e  a s  th e  
b a s i s  fo r  fo r mu la t i o n  o f  h yp o th e s e s  a b o u t  th e  
d o ma in  f ro m wh i ch  th e  d a t a  co mes .  Su ch  
t e ch n iqu e s  emp h as i ze  in t u i t iv e l y  acce s s ib l e ,  
u su a l l y  gr ap h ica l  r e p re s en t a t i o ns  o f  d a ta  
s t r u c t u re .  C o n f i r m a to r y  mu l t i v a r i a t e  a n a l ys i s  
a t t e mp ts  to  d e t e r m in e  wh e t h e r  o r  n o t  th e r e  
a r e  s ign i f i c an t  r e l a t i o n s h ip s  b e tween  s o me  
n u mb er  o f  s e l e c ted  in d ep e nd en t  v a r i ab le s  and  
o n e  o r  mo r e  d ep en d en t  o n es .  Th es e  two  t yp es  
a r e  co mp le men t a r y  in  t h a t  th e  f i r s t  g en e ra t es  
h yp o t h e s es  ab ou t  d a ta ,  an d  t h e  s econ d  t r i e s  
t o  d e t e rm in e  wh e t h e r  o r  n o t  s u ch  h yp o th e ses  
a r e  v a l i d .  Ex p l o ra t o r y  an a l ys i s  i s  n a t u r a l l y  
p r io r  to  co n f i r ma to r y ;  t h i s  ch ap t e r  fo c u s es  o n  
t h e  fo r mer .   
Fo r  i n t r o d uc to ry ,  co n c ep tu a l l y- o r i e n ted  
acc o un t s  o f  e x p lo ra to r y mu l t i v a r i a t e  an a l ys i s  
s e e  Gr i mm/ Yarn o ld  ( 1 99 5)  an d  Kach igan  
(1 99 1 ) .  Mo r e  ma th e ma t i ca l l y  an d  s t a t i s t i c a l l y  
t e ch n ic a l  a r e  Ev e r i t t / Du n n  (2 00 1 ) ,  Go rd on  
(1 99 9 ) ,  Ha i r / An d e r s on / Ta th am e t  a l .  ( 1 99 8 ) ,  
T in s le y / B ro wn  (2 0 0 0 ) ,  an d  Tab a ch n ik / F id e l l  
( 2 00 1 ) .   
3 .  Da ta  
Da ta  i s  o n t o lo gi ca l l y  d i f fe r en t  f r o m  th e  
wo r l d .  Th e  wo r ld  i s  a s  i t  i s ;  d a t a  i s  an  
i n t e rp r e ta t io n  o f  i t  fo r  th e  p u rp os e  o f  
s c i en t i f i c  s tu d y .  Th e  wea th e r  i s  n o t  th e  
me te o ro lo g i s t ’ s  d a t a  – meas u r emen t s  o f  s u ch  
t h in gs  a s  a i r  t e mp e r a tu r e  a r e .  A  t ex t  co rp us  
i s  n o t  t h e  l i n gu i s t ’ s  d a ta  – meas u rem en t s  o f  
s u ch  th i n gs  a s  a v e rage  s en te n ce  l en g th  a r e .  
Da ta  i s  co n s t ru c ted  f ro m  o b s e rv a t io n  o f  
t h in gs  in  th e  wo r l d ,  an d  th e  p roc e s s  o f  
co ns t ru c t ion  r a i s e s  a  r an ge  o f  i s s u e s  t h a t  
d e t e rmin e  t h e  a men a b i l i t y  o f  th e  d a t a  to  
an a l ys i s  an d  th e  in t e rp r e t ab i l i t y  o f  th e  
an a l yt i c a l  r e s u l t s .  Th e  i mp o r t an ce  o f  
u n de r s t an d in g  s u ch  d a ta  i s s u e s  t o  ex p lo ra t o ry  
mu l t iv a r i a t e  an a l ys i s  c an  h a rd l y  b e  
o v e r s t a t ed .  On  th e  o n e  h a nd ,  “ n o  ma t t e r  h o w 
p o wer fu l  t h e  ex p l o r in g  t o o l s ,  o r  a ggre s s iv e  
t h e  ex p l o re r ,  n o t h in g  c an  b e  d i s co v e red  t h a t  
i s  b e yo n d  th e  l i mi t s  o f  th e  d a t a  i t s e l f”  ( P yle  
1 9 99 ,  4 6 ) .  On  th e  o th e r ,  fa i l u r e  to  u n de r s t and  
r e l ev an t  ch a ra c te r i s t i c s  o f  d a ta  c an  l e a d  to  
r e s u l t s  and  i n t e r p re t a t i o n s  t h a t  a r e  d i s to r t ed  
o r  ev e n  wo r t h le s s .  Fo r  th e s e  r ea s o n s ,  an  
acc o un t  o f  d a ta  i s s u e s  i s  g i v en  b e fo re  mo v in g  
o n  to  ex p lo r a to r y  mu l t iv a r i a t e  me th o d s .  
3 . 1  Va r i ab le  s e l ec t i o n  
Giv en  th a t  d a t a  i s  an  in t e rp r e ta t io n  o f  s o me  
a s p ec t  o f  th e  wo r l d ,  wh a t  d o es  s u ch  an  
i n t e rp r e ta t io n  lo ok  l i k e?  I t  i s  a  d e s c r ip t io n  o f  
t h e  s e l ec te d  a sp ec t  o f  th e  wo r ld  i n  t e r ms  o f  
v a r i ab l es .  A  v a r i ab l e  i s  a  s ymb o l ,  an d  a s  s u ch  
i s  a  p h ys ica l  en t i t y  w i t h  a  co n ve n t io n a l  
s e man t i c s ,  wh e r e  a  c o n v en t i o n a l  s eman t i c s  i s  
u n de r s to o d  a s  o n e  in  wh i ch  t h e  d e s i gn a t io n  o f  
a  p h ys ic a l  t h in g  a s  a  s ymb o l  to ge t h e r  
w i t h   t h e  c o n n ec t i on  b e t ween  t h e  s ym b o l  an d  
wh a t  i t  r e p re s en t s  a r e  d e te r mi n ed  b y  
agr ee men t  w i t h in  a  co mmu n i t y .  Th e  s ymb o l  
‘A’ ,  fo r  ex a mp l e ,  r ep re s en t s  th e  p ho neme  / a /  
b y c o mmo n  a s s en t ,  n o t  b ecaus e  th e r e  i s  an y  
n ec e ss a r y  co n n ec t io n  b e tween  i t  a n d  wh a t  i t  
r e p res e n ts .  S in ce  e ach  v a r i ab le  h a s  a  
co nv e n t io n a l  s e ma n t i c s ,  t h e  s e t  o f  v a r i ab l e s  
ch os en  t o  d e s c r i b e  a  d o ma in  o f  in q u i r y 
co ns t i t u t e s  th e  t emp l a te  in  t e r ms  o f  wh ich  th e  
d o ma in  i s  in t e rp r e t ed .  Se lec t io n  o f  
ap p ro p r i a t e  v a r i ab le s  i s ,  t h e r e fo re ,  c r u c i a l  t o  
t h e  s u c ces s  o f  an y  d a ta  an a l ys i s .  
Wh ich  v a r i a b le s  a r e  ap p ro pr i a t e  in  an y  g iv en  
ca s e?  Th a t  d ep end s  o n  t h e  n a tu r e  o f  th e  
r e s ea r ch .  Da t a  c a n  o n l y b e  c r ea t ed  i n  r e l a t io n  
t o  a  r e s e a r ch  q ues t io n  th a t  p ro v id e s  an  
i n t e rp r e ta t iv e  o r i en t a t i o n  in  th e  doma i n  o f  
i n t e r e s t .  Wi t h o u t  s u ch  an  o r i en ta t i on ,  h o w 
d o es  o n e  k n o w wh a t  t o  o b s e rv e ,  wh a t  i s  
i mp o r tan t ,  an d  wh a t  i s  n o t?  Th e  fu n damen t a l  
p r in c i p le  in  v a r i ab l e  s e l e c t io n  i s  th a t  th e  
v a r i ab l es  mu s t  d e s c r i b e  a l l  an d  on ly  t h o s e  
a s p ec ts  o f  th e  d o ma in  t h a t  a r e  r e l ev an t  to  th e  
r e s ea r ch  q u es t i o n .  In  gen e ra l ,  t h i s  i s  an  
u n a t t a i n ab le  id ea l .  An y  d o ma in  ca n  b e  
d e s c r ib ed  b y  an  e s s en t i a l l y  a rb i t r a r y  n u mb er  
o f  f in i t e  s e t s  o f  v a r i ab le s ;  s e l ec t io n  o f  o n e  
p a r t i c u la r  s e t  c an  o n l y b e  d o n e  o n  t h e  b a s is  
o f  p e r s o na l  k n o wl ed ge  o f  th e  d o ma in  an d  o f  
t h e  b o d y o f  s c i en t i f i c  th eo r y a s s o c i a t ed  wi th  
i t ,  t e mp e red  b y  p e r s on a l  d i s c r e t i o n .  In  o t h e r  
wo rd s ,  t h e r e  i s  n o  a l go r i t h m fo r  ch o os i n g  an  
o p t ima l l y  r e l ev a n t  s e t  o f  v a r i ab l e s  fo r  a  
r e s ea r ch  q ues t ion .  
3 . 2  Da ta  r ep re s en t a t i o n  
I f  i t  i s  t o  b e  an a l yz ed  u s in g  ma t h ema t i c a l  
me th o d s ,  t h e  s e l ec t ed  d a t a  v a r i ab l e s  n eed  to  
b e  ma th e ma t i ca l l y  r ep res en ted .  A  wi d e l y  u s ed  
wa y o f  d o in g  t h i s  i s  v ec to r  s p ace  
r e p res e n ta t ion  ( Be l ew (2 0 0 0 ,  8 6 - 7 ) ,  Leb a r t  /  
R a j man  (2 0 0 0) ,  M an n in g  /  Sc h ü tz e  (1 9 99 ,  
5 3 9- 44 ) ,  Py le  (1 9 9 9 ,  2 0 2  f f ) ,  Sa l t o n  e t  a l .  
( 1 97 5 ) ,  Sa l to n  /  M cGi l l  ( 1 9 8 3 ,  c h .  4 ) .  A  
v ec to r  i s  a  s eq u en ce  o f  s ca l a r s  in d ex ed  b y  th e  
p os i t i v e  i n t e ge r s  1 ,  2 ,  . . .n ,  wh e re  a  s ca l a r  i s  
a  s in g le  n u mb er :  
 F i gu re  1 :  A  v ec t o r  
A  v e c to r  s pace  i s  a  geo me t r i c a l  in t e rp r e ta t io n  
o f  a  v ec to r  i n  wh ich  
i .  t h e  d i men s io n a l i t y  o f  t h e  v ec to r ,  t h a t  i s ,  i t s  
i n d ex  l en gt h  n ,  d e f in e s  a n  n - d imen s io n a l  
s p a ce .  Th e r e  a r e  v a r iou s  p os s ib l e  t yp e s  o f  
s p a ce ,  b u t  fo r  p r e s en t  p u rpo s e s  s p ace  i s  t ak en  
t o  b e  th e  Eu c l i d e an  on e  fa mi l i a r  f r o m 
e l emen ta r y  ma t h e ma t i c s ,  i n  wh ich  th e  ax es  
a r e  s t r a i gh t  l i n e s  o r th o go n a l  t o  o n e  ano t h e r .  
i i .  t h e  s eq u enc e  o f  s ca l a r s  co mp r i s i n g  th e  
v ec to r  s p ec i fy  co o rd i na te s  i n  t h a t  s p ac e .  
Th es e  co o rd i n a te s  a r e  r e l a t iv e  to  t h e  s ca l e s  
o f  th e  o r t h o go n a l  a x e s .   
i i i .  Th e  v ec t o r  i t s e l f  i s  a  p o i n t  in  th e  s p ace .  
Fo r  ex a mp l e ,  t h e  t wo  co mp o n en t s  o f  a  
v ec to r  v  =  [36  1 60 ]  a r e  co o r d in a t e s  o f  a  
p o i n t  in  a  two - d i m en s io n a l  s p ace ,  an d  th o s e  
o f  v  =  [3 6  1 60  71 ]  o f  a  p o i n t  in  t h r ee -
d i men s io n a l  s p a ce :  
  
a  b  
Fi gu re  2 :  2  an d  3 -d i men s io n a l  v ec to r  sp ace s  
A  l en gt h -4  v ec t o r  d e f in e s  a  p o i n t  in  4 -
d i men s io n a l  s p ace ,  an d  s o  on  to  an y  
d i men s io n a l i t y  n .  M a th ema t i ca l l y  t h e r e  i s  
n o  p rob l em wi th  s p aces  o f  d ime n s i on  
gr ea te r  t h an  3 .  Th e  o n l y p ro b l em l i e s  i n  t h e  
p os s ib i l i t y  o f  v i s u a l i z a t i o n  a nd  i n tu i t i v e  
u n de r s t an d in g .  As  th e  n u mb er  o f  v a r i ab le s  
an d  th us  d imen s io ns  gro ws  b e yo n d  3 ,  
gr ap h ica l  r ep r e s en t a t io n  a nd  i n tu i t i v e  
co mp re h ens ion  o f  i t  b eco me  i mp o s s i b le :  
wh o  can  v i s u a l i z e  p o in t s  in  a  4 -
d i men s io n a l  s pace ,  n o t  to  s p ea k  o f  a  4 0 -
d i men s io n a l  o n e?  I t  o f t e n  h e lp s  to  k eep  i n  
m in d  t h a t  ma t h e ma t i c a l  d i men s io n  ha s  n o  
n ec e ss a r y  c o n n ec t i o n  wi th  t h e  th r e e  
d i men s io n s  o f  th e  p h ys i ca l  wo r ld .  
Da ta  t yp ica l l y  co n s i s t s  o f  mo r e  o r  l e s s  
n u mero u s  d a ta  i t e ms  eac h  o f  wh i ch  i s  
d e s c r ib ed  i n  t e r ms  o f  th e  s e l ec ted  v a r i ab le s .  
Wh ere  v ec to r  s p ace  r ep r e s en t a t i on  i s  u s ed ,  
e ac h  d a t a  i t e m i s  d e s c r i b ed  b y  a  v ec to r ,  an d  
t h e  d a ta  i s  co ns eq u en t l y  a  c o l l e c t i o n  o f  
v ec to rs .  Su ch  a  co l l e c t i o n  i s  co n v en ien t l y  
r e p res e n ted  a s  a  ma t r ix  i n  wh ich  th e  r o ws  
a r e  th e  d a t a  i t e ms  an d  t h e  co lu mn s  t h e  
v a r i ab l es .  Th u s ,  d a ta  co n s i s t i n g  o f  m  i t e ms  
eac h  o f  wh ich  i s  d e s c r ib ed  b y  n  v a r i ab le s  i s  
r e p res e n ted  b y an  m  x  n  ma t r ix  D  in  wh i ch  
D i  ( fo r  i  =  1 . . . m )  i s  t h e  i ' t h  d a ta  i t e m ,  D j  
( fo r  j  =  1 . . n )  i s  t h e  j ' t h  v a r i ab l e ,  an d  D i j  
t h e  v a l u e  o f  v a r i ab l e  j  f o r  d a ta  i t e m i .  
 
F i gu re  3 :  A ma t r i x  
3 . 3  Va r i ab le  v a l u e  a s s ign men t  
Th e  s eman t i c s  o f  e ach  v a r i ab l e  d e t e rm in e s  a  
p a r t i c u la r  i n t e r p r e ta t io n  o f  t h e  d o ma in  o f  
i n q u i ry ;  t h e  d o ma i n  i s  'm eas u red '  i n  t e r ms  o f  
t h e  s ema n t i c s ,  an d  th a t  me as u r emen t  
co ns t i t u t e s  th e  va lu e s  o f  th e  v a r i ab le s .  
M eas u r emen t  i s  fu n d amen t a l  i n  th e  c r ea t io n  
o f  d a ta  b ec au s e  i t  mak es  th e  l in k  b e tween  
d a t a  an d  th e  wo r ld ,  an d  t h u s  a l l o ws  th e  
r e s u l t s  o f  d a ta  a n a l ys i s  to  b e  ap p l i ed  to  
u n de r s t an d in g  o f  t h e  wo r l d  (P yl e  1 9 9 9 ,  ch .  
2 ) .  
M eas u r emen t  i s  on l y  p o ss i b le  in  t e rms  o f  
s o me  s ca l e .  Th e re  a r e  v a r i o us  t yp es  o f  
meas u r emen t  s ca le ,  an d  th e s e  a r e  d i s cu s s ed  
i n  th e  r e l ev an t  t ex tb o oks  (Ha i r  e t  a l .  1 9 98 ,  6 -
9 ;  P yle  1 9 9 9 ,  ch .  2 ) ,  b u t  fo r  p r e s en t  pu rpo ses  
t h e  ma in  d i ch o to m y i s  b e t we en  n u mer i c  an d  
n o n- nu me r ic .  Th e  mu l t iv a r i a t e  me t h o d s  
d i s cuss ed  i n  d u e  co u r s e  a s s u me  n u mer ic  
meas u r emen t  a s  t h e  d e fau l t  c a s e ,  a n d  fo r  t h a t  
r e a s on  th e  s ame  i s  a s su med  i n  wh a t  fo l lo ws .  
3 . 4  Da ta  t r an s fo r ma t io n  
On ce  th e  d a ta  h a s  b een  con s t ru c te d ,  i t  ma y  b e  
n ec e ss a r y t o  t r a n s fo r m i t  i n  v a r i o us  wa ys  
p r io r  t o  an a l ys i s .  D i s cu s s io n  o f  th e s e  in  th e  
ab s t r ac t  c an  q u ick l y  b eco me  i n tan gi b le .  Fo r  
fo r e s t a l l  t h i s ,  a  s p ec i f i c  c a s e  i s  a s s u med :  t h a t  
t h e  co rp u s  b e in g  an a l yzed  i s  a  co l l e c t io n  D  
o f  s o me  n u mb er  m  o f  d o c u men t s  - -o f  Mid d le  
En gl i s h  t ex t s ,  s a y- -  a n d  th e  r e s ea r ch  a i m i s  
t o  c l a s s i fy  th e m o n  th e  b a s i s  o f  r e l a t iv e  
f r eq u en cy o f  l ex ic a l  t yp es  t h a t  th e y  c o n ta i n .  
Th e  d a t a  ab s t r ac te d  f ro m  D i s  an  m  x  n  
ma t r ix  Q  in  wh i ch  
i .  Ea ch  o f  t h e  r o ws  Q i ,  fo r  i  =  1 . .m ,  
r e p r es e n ts  a  s i n g le  d a ta  i t e m - - i n  t h i s  c a s e ,  a  
d o cu men t  D i .  
i i .  Ea ch  co l u mn  j ,  fo r  j  =  1 . . n ,  i s  o n e  o f  n   
v a r i ab l es ,  e ach  r ep re s en t in g  a  s i n gl e  l ex ic a l  
t yp e  th a t  o cc u r s  a t  l e a s t  o n ce  i n  D .  'Lex i ca l  
t yp e '  i s  h e r e  d e f i n ed  a s  an  a b s t r ac t i on  o v e r  a  
s e t  o f  id e n t i c a l  l ex i ca l  to k en s ,  ' l ex i ca l  to k e n '  
a s  a  s t r i n g  o f  a l p h an u mer ic  s ymb o ls ,  an d  
' ab s t r ac t io n '  a s  a  s e t  l ab e l ;  t h e  l ex i ca l  t yp e  
C A T  =  { x  |  x  =  'c a t ' } ,  fo r  ex amp le  (M an n in g  /  
Sch ü t ze  1 99 9 ,  2 1 -3  & 1 2 4 -1 30 ;  Pa l me r  2 0 0 0) .   
i i i .  Th e  ma t r ix  e l e men t s  Q i j  co n t a in  i n t ege r s  
r e p res e n t in g  th e  f r eq u en c y o f  l ex ica l  t yp e  j  
i n  d o cu men t  i .  Ea c h  o f  t h e  m  r o ws  i n  Q  i s  
t h e r e fo re  a  f r e q u en c y p ro f i l e  fo r  a  s in g le  
t ex t .  
 
Fi gu r e  4 :  Lex i ca l  f r eq u en cy d a ta  ma t r i x  
 
Ob v io u s l y ,  t h i s  ex amp l e  i s  o n l y  o n e  o f  man y  
p os s ib i l i t i e s .  Th e  d a t a  i t e ms  /  m a t r i x  ro ws  
m i gh t  b e  in fo r man t s  in  a  s o c io l in gu i s t i c  o r  
d i a l ec t o lo gi ca l  s u rv e y an d  th e  v a r i ab l e s  /  
ma t r ix  co lu mn s  ph o ne t i c  s egme n t s ,  o r  th e  
ro ws  mi gh t  b e  p h o ne t i c  s egmen t s  a n d  th e  
co l u mn s  p ho n e t i c  f e a tu r e s  l i k e  v o i c in g ,  an d  
s o  on .  Th e  l ex i ca l  f r eq u en c y ex a m p le  was  
s e l ec t ed  b ec au s e  i t  i s  gen e r i c  w i t h  r e s p ec t  to  
a  wi d e  r an ge  o f  p o s s ib le  ap p l i c a t i o ns .   
 
3 . 4 .1  Ad ju s tmen t  fo r  v a r i a t io n  in  d o cu men t  
l en gth  
Do cu men t s  in  co l l e c t i o n s  o f t en  v a r y in  
l en gth .  I f  t h e  v a r i a t io n  i s  s u bs t an t i a l ,  t h e  
d a t a  ab s t r ac t ed  f r o m th e  co l l e c t io n  mu s t  b e  
ad j u s ted  to  av o i d  d i s to r t ed  r e su l t s .  
To  s ee  wh y ad j u s tmen t  i s  n ece ss a ry ,  a s su me  
t h a t  a l l  t h e  d o cu men t s  i n  th e  co l l e c t io n  a r e  in  
t h e  s a me  l an gu a ge ,  an d  t h a t ,  i n  t h i s  l a n gu a ge ,  
a  g i v en  l ex ica l  t yp e  j  h a s  p ro b ab i l i t y  p j  o f  
o cc u r r i n g .  Th e n ,  t h e  mo re  wo rd s  t h e r e  a r e  in  
a  d o cu me n t ,  t h e  mo r e  l i k e l y  i t  i s  t h a t  j  w i l l  
o cc u r  o ne  o r  mo re  t i mes :  i f  p j  i s  0 . 0 1 ,  th en  
o n  av e r age  j  wi l l  o cc u r  o n ce  ev er y  1 0 0  
wo rd s ,  t wi ce  e v e r y  2 0 0 ,  a nd  so  on .  No w,  s a y  
t h a t  j  o c cu r s  1 0  t imes  in  t wo  d o cu me n t s  i n  D ,  
d i  an d  d k .  Kn o wi n g o n l y  t h i s ,  o n e  wo u ld  
n a t u r a l l y  j u d ge  t h a t ,  i n  t e r ms  o f  th e i r  u s age  
o f  j ,  t h e  t wo  d o cumen t s  a r e  id e n t i c a l  a n d  t h a t  
j  i s  co n s eq u en t l y  o f  n o  u s e  in  d i s t i n gu i s h in g 
d i  f r o m d j .  I f ,  h o w ev e r ,  o n e  a l s o  k nows  t h a t  
d i  i s  1 0 0 0  wo rd s  lo n g ,  an d  d k  o n l y  5 0 0 ,  th i s  
i s  n o  lon ge r  th e  ca s e .  Th e  f r eq u en c y fo r  d i  i s  
wh a t  o n e  wo u l d  ex p e c t  g iv en  p j ,  b u t  d k  u s e s  j  
w i t h  h i gh e r - t h an -e x p ec ted  f r e q u en cy,  an d  
t h i s  d i s p a r i t y  c an  b e  u s ed  i n  d i s t i n gu i s h in g  d i  
f r o m d k :  d k ,  u n l ik e  d i ,  i s  e s p ec ia l l y  in t e r e s t ed  
i n  wh a t  j  d en o te s .   
Wh a t  i s  r eq u i r ed  i s  s o me  wa y o f  ad ju s t in g  th e  
d a t a  ma t r ix  s o  t h a t  n o t  j u s t  f r eq u en c y b u t  i t s  
s i gn i f i c an c e  r e l a t i v e  to  d o cu men t  l e n gt h  can  
b e  r e p res en t ed  and  th u s  i n co rpo r a ted  i n to  
s ub s eq u en t  an a l ys i s .  On e  ap p r o ach  i s  to  
t r an s fo rm th e  ro ws  o f  t h e  ma t r ix  in to  v ec t o rs  
o f  l e n gth  1 :  
|| i
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wh ere  |Q i |  i s  t h e  n o rm  o r  l en g th  o f  r o w  v ec t o r  
Q i ,  d e f in ed  a s :  
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1 ...|| iniii QQQQ +++=  
Th e  e f fec t  i s  t o  ad ju s t  t h e  v ec to r  v a l u es  
r e p res e n t in g  d o cu m en t  Q i  i n  p ro p or t io n  to  th e  
l en gth  o f  Q i :  t h e  gr ea t e r  th e  l en g th ,  t h e  
s ma l l e r  th e  r e s u l t  o f  th e  d iv i s io n  and  th us  th e  
s ma l l e r  th e  p o s t - ad ju s tmen t  v a lu e s  in  Q i ,  an d  
v i ce  v e r sa  a s  th e  Q i  v ec t o r  l en g th  gro ws  
s ho r t e r .  Th i s  ad j u s t men t  i s  p a r t  o f  a  me th o d  
fo r  meas u r in g  r e l a t iv e  p rox imi t y  o f  d o cu men t  
v ec to rs  in  In fo r ma t i o n  R e t r i ev a l  c a l l ed  
co s ine  n o rma l i za t i o n  (B e l ew ( 2 0 0 0 ,  9 5 -6 ) ,  
Leb a r t  /  R a j ma n  (2 0 00 ) ,  S in gh a l  e t  a l .  
( 1 99 5 ) .  An o th e r  app ro a ch  i s  to  t r ans fo r m th e  
ro w v ec to r s  i n  r e l a t i o n  t o  th e  av era ge  l e n g th  
o f  d o cu men t s  i n  t h e  co l l e c t io n  D:  
Q i  =  Q i  (µ  /  l Q i )  
wh e re  ( i )  Q i  i s  t h e  i ' t h  d o cu men t ' s  l ex ic a l  
f r eq u en cy p ro f i l e  i n  th e  d a ta  ma t r ix  Q ,  ( i i )  
l Q i  i s  t h e  to t a l  n u mb er  o f  l ex ica l  to k ens  in  
d o cu men t  Q i ,  an d  ( i i i )  µ  i s  t h e  mean  
d o cu men t  l en g t h  i n  t e r ms  o f  l ex i ca l  t o k en s  
ac r o ss  a l l  d o cu men t s  d  ε  D ,  s o  th a t :  
µ  =  ∑ i  =  1 . . m ( l Q i )  /  m  
Th u s ,  t h e  v a lu e s  i n  e ach  l ex ica l  f r e q u en c y 
p r o f i l e  v ec t o r  Q i  a r e  mu l t i p l i e d  b y t h e  r a t io  
o f  th e  a v e ra ge  n u mb er  o f  l ex i ca l  to k ens  p e r  
d o cu men t  a c ro s s  t h e  c o l l e c t io n  D  to  th e  
n u mb er  o f  t o k en s  in  Q i .  Th e  lo n ge r  th e  
d o cu men t  th e  n u mer ica l l y  s ma l l e r  th e  r a t i o ,  
an d  v i ce  v e rs a ;  t h e  e f fec t  i s  t h e r e fo r e  to  
d ec reas e  th e  v a l u e s  i n  t h e  v e c to r s  t h a t  
r e p res e n t  l on g  d o cu men t s ,  an d  in c r eas e  th em 
i n  v ec t o r s  t h a t  r ep re s en t  sh o r t  on es ,  r e l a t iv e  
t o  av e r age  d o cu me n t  l en g t h .  
On  t r an s fo r ma t io n  o f  d a t a  r e l a t iv e  to  
d o cu men t  l en gt h  s ee  B e lew (2 0 0 0 ,  8 9 -9 2 ) ,  
Leb a r t  /  R a j man  ( 2 0 00 ,  4 7 7 -5 05 ) ,  S i n gh a l  e t  
a l .  1 9 9 5 ,  1 9 96 a ,  1 99 6 b) .  
3 . 4 .2  Sp a r s i t y  mi n i m iza t io n  
Sp a r s i t y  i s  a  ma j o r  i s s u e  in  d a ta  a n a l ys i s  
gen e ra l l y .  Th e  co n c ep t  o f  t h e  man i fo l d  i s  
c en t r a l  t o  u nd e r s t an d in g  o f  wh y t h i s  i s  s o .   I t  
co mes  f r o m ma th ema t i ca l  to p o lo gy 
(M en d e l so n  19 75 ;  Mu n k r es  2 00 0 ) ,  a  b r an ch  
o f  p u re  ma th ema t i c s  co n ce r ned  wi th  
geo me t r i c a l  p r o p e r t i e s ;  fo r  p r e s en t  p u rpo s es  
i t  c an  b e  un d e r s to o d  as  t h e  sh ape  o f  d a ta  in  
n - d imen s io na l  s p ace .  Wh a t  i s  t h e  ' s h ap e '  o f  
d a t a  (P yle  1 9 99 ,  8 4 -6 )?  C o ns i d e r  a  
r e a s on ab l y  l a r ge  d a ta  s e t  o f ,  s a y ,  1 0 00  3 -
d i men s io n a l  r e a l -va l u ed  v ec t o r s ,  n o  two  o f  
wh ich  a r e  i d en t i c a l .  I f  t h e s e  v ec to r s  a r e  
p l o t t e d  in  3 - d imen s i o n a l  sp ace ,  th e y  fo r m  a  
c l o u d  o f  p o i n t s  w i t h  an  id en t i f i ab le  s h ap e  
wi t h in  th e  gen e ra l  s p ace ,  a s  in  F i gu re  5 :  
 F i gu re  5 :  A  man i fo l d  i n  3 -d i men s io n a l  s p ace  
Th a t  s h ap e  i s  a  m an i fo ld .  Th e  i d ea  ex t en ds  
d i r ec t l y  t o  an y  d i men s i o n a l i t y ,  t h o ugh  s u ch  
gen e ra l  s p ace s  c ann o t  b e  s h o wn  grap h i ca l l y .  
Fo r  t h e  p u rp os e s  o f  th i s  d i s cu ss i o n ,  
t h e r e fo re ,  a  man i fo ld  i s  a  s e t  o f  v ec to r s  in  n -
d i men s io n a l  s p a ce . .   
To  d i s ce rn  t h e  s hap e  o f  a  man i fo l d ,  i t  i s  
i n tu i t iv e l y  c l ea r  th a t  t h e r e  h av e  t o  b e  en o u gh  
d a t a  p o in t s  to  g iv e  i t  ad eq u a t e  d e f in i t io n .  I f ,  
a s  in  F i gu r e  6 a ,  t h e r e  a r e  ju s t  t wo  p o in t s ,  t h e  
o n l y r ea s o n ab l e  ma n i fo ld  to  p ro p os e  i s  a  l i n e ;  
an y  n u mb e r  o f  a l t e rn a t i v e  man i fo ld s  a r e ,  o f  
co u r s e ,  p os s ib le  - - t h e  t wo  p o in t s  cou l d  co me  
f r o m a  fa r  mo r e  co mp l ex  m an i fo ld  l i k e  F i gu re  
6 c - -  b u t  to  p ro po se  th i s  o n  t h e  b a s i s  o f  ju s t  
t wo  p o in t s  wo u l d  c l ea r l y  b e  u n ju s t i f i e d .  
 
a  b  c  
F i gu re  6 :  De gr ee s  o f  man i fo ld  d e f i n i t io n  
Wh ere  t h e r e  a r e  3  p o i n t s  a  p l an e  wo u l d  be  
r e a s on ab l e ,  a s  i n  F i gu re  6 b .  B u t  i t  i s  o n l y a s  
t h e  n u mb er  o f  d a ta  p o in t s  gr o ws  th a t  t h e  t r u e  
s h ap e  o f  th e  ma n i fo l d  emer ge s ,  a s  i n  6 c .  Th e  
gen e ra l  r u l e ,  t h e r e fo re ,  i s :  t h e  mo re  d a ta  th e  
b e t t e r .  C lea r l y ,  a f t e r  a  c e r t a i n  p o in t ,  
i n c r ea s in g  t h e  amo u n t  o f  d a ta  b eco mes  
r e d un d an t  in  th e  s en s e  th a t  i t  s i mp l y  c o n f i r ms  
an  a l r ead y-c l ea r  ma n i fo l d  s h a p e ,  b u t  i t  
d o es n ' t  d o  an y  h a rm .   
In  d ea l i n g  wi th  h igh -d i me n s io n a l  d a t a ,  
h o wev e r ,  h a v in g  t o o  mu ch  i s  r a r e l y  a  
p r ob lem.  Qu i t e  t h e  o p po s i t e  - - t h e  u s u a l  
s i tu a t io n  wi th  h i g h -d imen s i o na l  d a ta  i s  t h a t  
t h e r e  i s  fa r  to o  l i t t l e .  H i gh - d im en s i on a l  
s p a ces  a r e  i n h eren t l y  s p a r s e ,  a n d ,  t o  a ch i ev e  
ad e qu a te  d e f i n i t i o n  o f  th e  d a ta  ma n i fo l d ,  t h e  
amo u n t  o f  d a ta  r eq u i r ed  v e ry  r ap i d l y  b eco mes  
i n t r ac tab l y  l a r ge ;  t h i s  p h en o men o n  was  
d e s c r ib ed  a s  th e  ' c u r s e  o f  d i men s i o n a l i t y '  b y  
B e l l man  (1 9 6 1) .  To  s e e  t h e  p r o b lem,  c o ns i d e r  
t h r ee  d a t a  s e t s  e ach  o f  wh i ch  co n ta i n s  1 0  
i t e ms :  
i .  Se t  1  i s  u n iv a r i a t e ,  a n d  th e  s i n gle  v a r i a b le  
c an  t ak e  i n t ege r  v a lu e s  in  t h e  r an ge  1 . . 1 0 .  
Th e  r a t i o  o f  d a t a  p o in t s  t o  p os s ib l e  v a l u e s  i s  
1 0 / 10  =  1 ,  t h a t  i s ,  t h e  d a t a  p o i n ts  comp le t e l y  
f i l l  t h e  d a t a  s p ace .  
i i .  Se t  2  i s  b iv a r i a t e ,  an d  e ach  o f  t h e  two  
v a r i ab l es  c an  t ak e  i n t ege r  v a l u e s  in  t h e  r an ge  
1 . .1 0 .  Th e  r a t io  o f  d a t a  p o i n t s  t o  p os s i b le  
v a l u e  p a i r s  i s  1 0  /  ( 1 0  x  1 0 )  =  0 .1 ,  t h a t  i s ,  
t h e  d a t a  p o in t s  o ccu p y 1 0 % o f  th e  d a t a  s p a ce .  
i i i .  Se t  3  i s  t r iv a r i a t e ,  a n d  each  o f  t h e  th r ee  
v a r i ab l es  c an  t ak e  i n t ege r  v a l u e s  in  t h e  r an ge  
1 . .1 0 .  Th e  r a t io  o f  d a t a  p o i n t s  t o  p os s i b le  
v a l u e  t r ip l e s  i s  1 0  /  ( 1 0  x  1 0  x  1 0 )  =  0 . 0 1 ,  
t h a t  i s ,  t h e  d a t a  p o i n t s  o ccu p y 1 % o f  t h e  d a ta  
s p a ce .  
An d  s o  o n  fo r  i n c r ea s in g  d i me n s io n a l i t y :  fo r  
a  d a t a  s e t  o f  f i x ed  s i z e  d ,  t h e  r a t io  o f  
a c t u a l   t o  p o s s ib le  p o i n t s  in  t h e  d a ta  s p ace  i s  
d  /  r n ,  wh e re  r  i s  t h e  n u mb er  o f  d i f fe r en t  
v a l u es  t h a t  e ach  v a r i a b le  c an  t a k e  ( a s su min g  
fo r  s i mp l i c i t y  th a t  a l l  v a r i ab l e s  a r e  i d e n t i c a l  
i n  th i s  r e s p ec t ) .  In  o t h e r  wo r d s ,  a s  
d i men s io n a l i t y  in c r ea s es ,  t h e  r a t io  o f  a c t u a l  
t o  p o ss ib le  p o in ts  in  t h e  d a ta  s p ace  d ec rea s es  
a t  an  ex p o n en t i a l  r a t e .  In  p r i n c ip l e ,  
t h e r e fo re ,  f i x ed - s i ze  d a ta  ma n i fo l d s  v e ry  
r a p id l y b eco me  s p a r s e r  as  th e  d imen s io n a l i t y  
o f  t h e  s p ace  i n  wh i ch  th e y  a r e  e mb ed d ed  
gr o ws ;  t o  ma in t a in  r e s o lu t i o n  o f  th e  m an i fo ld  
a t  an y  p r e fe r r e d  r a t i o ,  t h e  a mo u n t  o f  d a ta  
r e q u i r ed  mu s t  th e r e fo r e  g ro w  ex p o nen t i a l l y  
w i t h  th e  d imen s io n a l i t y .  Ge t t in g  en o u gh  d a ta  
b ec o mes  a  s e r io u s  p ro b lem  ev en  a t  r e l a t i v e l y  
l o w d i men s i o n a l i t i e s ,  an d  an  in s up e rab le  o n e  
s oo n  th e r e a f t e r .  I n  p r ac t i c e  t h e  p ro b l em  i s  
n o t  a s  s ev e r e  a s  a l l  t h i s  mi gh t  s u gges t ,  s i n ce  
a  t yp i ca l  r e a l - wo r ld  d a t a  s e t  i s  n o t  in  gen e r a l  
ev e n l y o r  r an do ml y  s p rea d  a rou n d  i t s  sp ac e ,  
b u t  r a t h e r  t en ds  to  b e  co nce n t r a t ed  in  o n e  o r  
mo re  d i s t in c t  r eg i o n s  o f  th e  s p ac e .  
D i men s i o n a l i t y  n ev e r t h e le s s  r ema in s  a  
p o t en t i a l  p ro b lem fo r  d a ta  an a l ys i s  in  an y  
g i v en  ap p l i c a t io n ,  an d  th e  mo ra l  i s  t h a t  d a ta  
d i men s io n a l i t y  s h o u ld  b e  k ep t  a s  lo w  a s  
p os s ib l e  con s is t en t  w i th  t h e  n ee d  to  d e s c r ib e  
t h e  d o ma i n  o f  in q u i r y  ad eq u a t e l y .   
Fo r  d i s cus s io n  o f  i s s u e s  r e l a t in g  t o  h i gh -
d i men s io n a l  d a t a  see  B i s h o p  (1 99 5 ,  ch s .  1  & 
8 ) ;  P yle  (1 9 9 9 ,  ch .  2  & 3 5 5 -6 0 ,  42 4  f f ) ;  
Ve r l e ys en  (2 0 03 ) ;  Ve r l e ys en  e t  a l .  ( 2 0 0 3) .  
Da ta  s p a r s i t y  h a s  a  p a r t i cu l a r  r e l ev an c e  in  
co r pu s  l in gu i s t i c s  b ecaus e  th e  o b je c t  o f  s tu d y  
i s  s p o ken  o r  wr i t t en  n a t u r a l  l an gu age ,  an d  
l ex ica l  d i s t r ib u t io n  in  s amp l e s  o f  n a tu r a l  
l an gu a ge  h av e  a  c h a rac t e r i s t i c  s h ape .  Th i s  
s h ap e  i s  ex emp l i f i e d  in  a  p lo t  o f  l ex ic a l  t yp es  
i n  th e  Qu r ' an .  Th e  f r eq u en c i es  o f  th e s e  t yp es  
we re  ca l cu la t ed ,  s o r t ed  i n to  d e s cen d ing  o r d e r  
o f  ma gn i t u d e ,  an d  p lo t t ed :  
 
 
a  b  
F i gu re  7 :  F r eq u en c i e s  o f  l ex ic a l  t yp es  in  
t h e  Qu r ' an  
F i gu re  7 a  i s  th e  fu l l  p lo t ,  an d  7 b  i s  a  
zo o med - in  r e g io n  n e a r  th e  o r i g in  t o  d i s p la y 
t h e  s h ap e  o f  t h a t  r eg i o n  mo re  c l ea r l y .  Th e re  
i s  a  r e l a t iv e l y  s ma l l  n u mb er  o f  v e r y  f r eq u en t  
t yp es ,  a  mo d e ra te  n u mb er  o f  mo d e ra t e l y  
f r eq u en t  t yp es ,  an d  a  l a r ge  n u mb er  o f  v e r y  
i n fr eq u en t  o n es .  Th i s  d i s t r ib u t io n  i s  
ch a rac t e r i s t i c  o f  l ex i ca l  f r e q u en c y 
d i s t r ib u t i on s  in  n a t u r a l  l an gu age  t ex t  
gen e ra l l y  (B aa yen  2 0 01 ;  s ee  a l s o  M an n in g  /  
Sch ü t ze  1 99 9 ,  20 -2 9 ) .  I t  i s  k n o wn  a s  th e  
LN R E ( 'La r ge  N u mb e r s  o f  Ra re  Ev e n t s ' )  
d i s t r ib u t i on ,  an d  i t s  s h ap e  r e ma i n s  p r e t t y  
mu ch  c o n s ta n t  e v en  fo r  N L t ex t  co rp o r a  man y  
o r d e rs  o f  ma gn i t u d e  l a r ge r  t h an  t h e  Qu r ' an :  
t h e  n u mb er  o f  t h e  fe w  v e r y  f r e q u en t  t yp es  
co n t inu es  to  gro w q u i ck ly  a s  t h e  co rp us  s i z e  
gr o ws  an d  th e  n u mb er  o f  mo d e ra t e l y  f r eq u en t  
t yp es  co n t in u e s  to  gro w  mo d e ra t e l y  q u ick l y ,  
b u t  th e  f r eq u en c i es  o f  t h e  v e r y  i n f r eq u en t  
t yp es  c h an ge  h a rd l y  a t  a l l  - - in s t ead ,  mo re  an d  
mo re  t yp e s  a r e  ad d ed  to  th e  l i s t .  I t  i s  
t h e r e fo re  c l ea r  th a t ,  i n  co rp u s  l in gu i s t i c s  
s t u d ies  wh e re  l ex ica l  f r eq u e n cy p l a ys  a  r o l e ,  
t h e  d a ta  w i l l  i n  g en e r a l  b e  v e r y s p a r s e  on  
acc o un t  o f  t h e  l a r ge  n u mb er  o f  i n f r eq u en t  
l ex ica l  t yp e  v a r i ab l e s ;  i n  t h e  ca s e  o f  th e  
Qu r ' an ,  t h e r e  a r e  1 1 4  ch ap t e r s  o r  su r a s  an d  
t h u s  1 14  d a t a  p o i n t s  i n  a  6 6 9 6 -d im en s io n a l  
s p a ce ,  wh ich  i s  v e ry  s p a r s e  i n d eed .   
Th e  o b v io us  s o lu t io n  t o  s p a rs i t y  i s  t o  s e l e c t  
an  o p t i ma l  s e t  o f  v a r i ab l e s  a t  t h e  d a t a  d e s ign  
s t age ,  b u t  th i s  i s  mo re  ea s i l y  s a id  t h an  d o n e .  
As  a l r ead y  n o ted ,  th e r e  i s  n o  a l go r i t h m fo r  
ch oo s in g  an  o p t i m a l l y  r e l ev an t  an d  t h e r e fo re  
m in i ma l  s e t  o f  v a r i a b les  fo r  a  r e s ea r ch  
q u es t io n ,  and  th e r e fo r e  n o  wa y o f  k n o wi n g a  
p r io r i  wh e th e r  th e  d imen s i o n a l i t y  o f  a  g iv en  
d a t a  s e t  i s  a s  l o w a s  i t  c an  b e .  B ec au s e  o f  
t h i s ,  a  r an ge  o f  me th o d s  fo r  t r an s fo r m in g 
d a t a  ma t r i c e s  s o  a s  to  r e d u ce  th e i r  
d i men s io n a l i t y  h a s  b een  d e v e lop ed ,  an d ,  in  
c a s e s  wh e r e  t h e  d a t a  i s  s p a r s e ,  ap p l i c a t io n  o f  
o n e  o r  mo re  o r  th e s e  me t h o ds  can  v e r y 
s ub s tan t i a l l y  i mp r o v e  a n a l yt i c a l  r e s u l t s  b y  
g i v in g  th e  man i fo l d  b e t t e r  d e f in i t io n .   
a )  S te mmin g  
Fu n d amen t a l  to  t h e  mo r p h o lo gi e s  o f  man y  
l an gu a ges  i s  th e  p r o cess  wh e re b y p r e f i x e s  
an d  s u f f i x e s  a r e  a t t a ch ed  to  l ex ic a l  s t e ms ,  
an d / o r  t h e  l e x ica l  s t ems  th e ms e l v e s  mu ta ted  
i n  s o me  wa y,  i n  o rd e r  to  ma rk  s yn tac t i c  
fu n c t i o n  o r  s o m e  mo d i f i c a t io n  t o  th e  
p r imi t i v e  s e man t i c  d en o t a t i o n  o f  th e  s t e m.  
Do cu men t  co l l e c t io n s  wr i t t en  i n  s u ch  
l an gu a ges  t yp ica l l y  co n ta i n  mo r e  o r  l e s s  
n u mero u s  mo rp h o log ica l  v a r i an t s  o f  p r i mi t iv e  
l ex ica l  s t ems .  Su c h  v a r i an t s  c an  b e  
co ns id e r ed  to  be  eq u iv a len t  fo r  p u rpo s es  o f  
t ex t  an a l ys i s  an d  i n fo r ma t io n  r e t r i ev a l ;  
s t em mi n g i s  th e  r e d u c t i on  o f  mo rp ho lo gic a l  
v a r i an t s  t o  t h e i r  com mo n  p r i mi t i v e  s t em .  
Wh ere  l ex ic a l  f r eq u en cy p la ys  a  r o le  in  d a ta  
c r ea t i o n ,  s t em mi n g o f fe r s  s co pe  fo r  
s ub s tan t i a l  d i men s io n a l i t y  r ed u c t i o n .  I f  a  
l ex ica l  t yp e  i s  d e f i n ed  a s  t h e  s e t  o f  i d e n t i c a l  
a l p h abe t i c  s t r in gs ,  t h en  ea ch  v a r i an t  o f  a  
g i v en  s t e m i s  t r e a ted  a s  a  d is t in c t  l ex ic a l  
t yp e  a n d  a s s ign e d  a  co l u mn  i n  t h e  d a ta  
ma t r ix .  I f ,  h o wev e r ,  a l l  t h e  mo rp ho lo gic a l  
v a r i an t s  o f  a  s t e m  a r e  co l l ap s e d  i n to  an  
eq u i v a len ce  c l a s s  wh i ch  th e n  co n s t i t u t e s  th e  
l ex ica l  t yp e ,  s o  t h a t ,  fo r  ex a mp le ,  t h e  t yp e  
C A T =  { x  |  x  =  a  mo rp ho l o gic a l  v a r i an t  o f  
' c a t ' }  s u c h  a s  ' c a t s ' ,  ' c a t t y ' ,  ' c a t t e r y '  a n d  so  
o n ,  th e  n u mb er  o f  t yp es  an d  th u s  co l u mn s  o f  
t h e  f r eq u en cy ma t r i x  c an  be  mo re  o r  l e s s  
s ub s tan t i a l l y  r ed u ced ,  d ep en d i n g  o n  th e  
mo rp h o l o gica l  c h a rac t e r i s t i c s  o f  t h e  l a n gu a ge  
i n  q u es t io n .   Th e  f r e q u en cy o f  a  l ex i ca l  t yp e  
s o  d e f i n ed  i n  t h e  f r eq u en c y ma t r ix  i s  t h en  the  
s u m o f  th e  f r eq u en c ie s  o f  t h e  a ggre ga ted  
v a r i an t s .  
A t  f i r s t  g l an ce  i t  m i gh t  s ee m t h a t  c r ea t io n  o f  
s u ch  equ iv a l en ce  c l a s s e s  lo s e s  in fo rma t i o n ,  
an d  th a t  t h i s  lo s s  i s  b ou nd  adv e r s e l y t o  a f fe c t  
t h e  v a l i d i t y  o f  an a l ys e s  b a s ed  o n  t h e  d a t a .  
J us t  t h e  o p po s i t e  i s  t r u e ,  h o wev e r .  I f  l ex ic a l  
t yp es  a r e  r e ga r d ed  a s  s e t s  o f  i d en t i c a l  to k en s ,  
t h en  each  t yp e  i s  r ep r es en t ed  a s  a  s ep a ra te  
v a r i ab l e  co lu mn  i n  th e  d a ta  ma t r ix ,  an d  a l l  
co l u mn s  a r e  t r e a ted  eq u a l l y  i n  th e  an a l yt i c a l  
me th o d s  d e s c r ib ed  l a t e r .  Th e  i mp l i c a t io n  i s  
t h a t  mo rp h o l o gic a l l y  r e l a t ed  t o k en s  a re  
t r e a t ed  ex a c t l y  th e  s ame  a s  u n r e la t ed  o n es .  In  
o t h e r  wo rd s ,  t h e r e  i s  n o  d i s t in c t io n  b e tween  
t h e  s eman t i c  d i s t an ce s  amo n g mo rp h o lo gic a l  
v a r i an t s  o f  a  s in g l e  s t e m o n  t h e  o n e  h a n d ,  
an d  t h os e  b e t wee n  u n re la t ed  s t ems  o n  th e  
o t h e r  - - th e  s eman t i c  d i f fe r en ce  b e tween  
' ad min i s t e r '  an d  ' a d min i s t r a t i o n '  i s  t ak e n  to  
b e  th e  s ame  a s  th a t  b e tween  'ad mi n i s t e r '  an d  
' co w ' .  I f ,  a s  h e r e ,  t h e  a i m  i s  to  c l a s s i fy  
d o cu men t s  o n  t h e  b a s i s  o f  th e i r  l ex ic a l  
s e man t i c s ,  t h i s  i s  b o un d  to  d i s to r t  t h e  d a ta  
an d  t h us  t h e  an a l y t i c a l  r e s u l t s  b a s ed  o n  i t .  
C rea t io n  o f  eq u i v a le n ce  c l a s s es  b as ed  on  
mo rp h o l o gica l  r e l a t ed n es s  e l i mi n a t e s  th is  
d i s to r t ion .  
On  s t em mi n g a l go r i th ms  a n d  t h e i r  ap p l i c a t io n  
i n  co mp u ta t io n a l  t e x t  p ro ce s s in g  s ee  F rak es  /  
B aeza -Ya te s  (1 9 92 ,  ch .  8 ) ,  Hu l l  ( 1 9 9 6) ,  Xu  /  
C ro f t  ( 1 9 9 8 ) .    
b )  Va r i ab le  s e l ec t i o n  
A  s e mi n a l  p r in c ip le  in  In fo r ma t io n  R e t r i ev a l ,  
ex t ens i v e l y co n f i r med  b y  e mp i r i c a l  r e s u l t s ,  i s  
t h a t  n o t  a l l  l ex i ca l  t yp es  in  a  d o cu men t  
co l l e c t io n  a r e  e qu a l l y  u s e fu l  i n  d o cu men t  
c l a s s i f i c a t i o n  ( fo r  e x amp le ,  v a n  Ri j s b e rgen  
(1 97 9 ,  c h .  2 ) ,  Sa l to n  /  M cGi l l  ( 1 9 8 3 ,  c h .  3 ) ,  
B e l ew (2 0 0 0 ,  ch .3 ) ) .  Va r io u s  wa ys  o f  
i d en t i fy in g  r e l a t iv e l y  mo re  u s e fu l  v a r i ab l es  
ex i s t ,  an d  t h i s  s ec t io n  g i v e s  a n  o v e rv i ew o f  
s o me  o f  t h e  mo s t  o f t e n  u s ed  o n es .  T h e  fo cu s  
i s  o n  l ex i ca l  f r eq u en cy i n  d o cu men t  
co l l e c t io n s ,  b u t  th e  t e ch n i q ues  a r e  
s t r a i gh t fo r wa rd l y  a p p l i c ab l e  t o  o t h e r  k in ds  o f  
d a t a ,  an d  t h u s  t o  a  wi d e  r an ge  o f  an a l ys e s  in  
co r pu s  l in gu i s t i c s .  
i .  D i men s i o n a l i t y  r ed u c t i o n  b a s ed  on  
l ex ica l  t yp e  f r eq u en c y 
Lu h n ,  o n e  o f  t h e  fo u n d e r s  o f  mo d e rn  
In fo r ma t i o n  R e t r i ev a l ,  p ro po s ed  t h a t  th e  
r e l a t iv e  f r eq u en c y o f  l ex ic a l  t yp e s  in  a  
d o cu men t  c o l l e c t i o n  i s  a  fu n d amen t a l  
c r i t e r io n  fo r  c l a s s i fy in g  d o cu me n t s  r e l a t iv e  
t o  o n e  an o t h e r  ( Lu h n  19 57 ,  1 9 5 8 ;  d i s cu ss ed  
i n  Sa l t o n /M c Gi l l ,  1 9 8 3 ,  6 0 -6 3 ;  v an  
R i j s b e r gen  1 9 7 9 ,  1 5 f ;  B e l e w,  2 0 0 0 ,  7 6  f f ) .  
Th e  in tu i t i o n  u nd er l y i n g  th i s  i s  s i mp le :  i f  an  
au t h or  u s e s  a  wo rd  r ep ea t ed l y  in  a  t ex t ,  t h en  
t h e  t e x t  i s  mo re  l i k e l y to  b e  ab o u t  wh a t  th e  
wo rd  d eno t e s  th an  i t  i s  t o  b e  ab o u t  th e  
d eno t a t i o n  o f  a  wo r d  th a t  i s  i n f r eq u en t l y  
u s ed ;  d o cu men t s  w i t h  s i mi la r  l ex ic a l  
f r eq u en cy p ro f i l e s  a r e  c l a s s i f i e d  to ge t h e r  and  
d i s t i n gu i s h ed  f ro m  t h o s e  wh o s e  p ro f i l e s  a r e  
d i f fe r en t .  Lu h n  a l so  o bs e rv ed ,  ho wev e r ,  t h a t  
t h e  u s e fu ln e ss  o f  a  l ex i ca l  t yp e  fo r  d o cu men t  
c l a s s i f i c a t i o n  d o es  n o t  in c r e as e  
mo n o to n i ca l l y  w i t h  f r eq u en c y,  a n d  mo re  
s p e c i f i c a l l y  t h a t  v e r y  f r e q u en t  t yp es  o n  th e  
o n e  h a nd  an d  v e ry  i n f r e q u en t  o n es  o n  th e  
o t h e r  a r e  l e s s  u s e fu l  fo r  t h e  p u rpos e  t h an  
med iu m  fr eq u en cy o n es .  He  t h e r e fo re  
p r op os ed  t h a t  bo th  v e r y  in f r eq u e n t  an d  v e ry  
f r eq u en t  wo rd s  be  d i s ca r ded .  Su bs t an t i a l  
d i men s io n a l i t y  r ed u c t io n  can  b e  a ch iev ed  in  
t h i s  wa y,  b u t  Lu h n  d i d  n o t  p ro v id e  a n y  c l ea r  
c r i t e r i a  fo r  d e t e r m in i n g  u p p e r  an d  lo wer  
f r eq u en cy th r e s h o lds ,  an d  t h e r e  i s  
co ns equ en t l y t h e  e v e r -p r e s en t  d an ge r  t h a t  to o  
man y o r  t o o  fe w  t yp es  w i l l  b e  e l i m in a t ed ,  
t h u s  co mp ro mis i ng  c l a s s i f i c a t i o n  b a s ed  on  
t h e  s e t  o f  r e t a in ed  v a r i ab le s .  Va r i o u s  
p r op os a l s  fo r  d e t e rmin i n g  ap p r o p r i a te  
t h r e sh o l ds  h av e  b een  mad e  s in ce  Lu h n ' s  t i me ,  
b u t  th e  ge n e ra l  p o s i t io n  r ema i n s  t h a t  
s e l ec t io n  o f  th r e s ho l d s  r ema i n s  an  e mp i r i c a l  
ma t t e r  b a s ed  o n  r e l a t i v e  l ex ica l  f r eq u en c y in  
s p e c i f i c  ap p l i c a t io n s  - - in  o t h e r  wo r ds ,  s e l e c t  
t h e  t h r e s ho l ds  th a t  g i v e  t h e  b e s t  r e s u l t s .  
i i .  D i m en s i o n a l i ty  r e d u c t i o n  b ased  o n  
v a r i an ce  
As  we  s aw  in  t h e  fo r e go in g  d i s cus s i on  o f  
d a t a ,  a n y  v a r i ab le  x  i s  an  i n t e r p r e t a t i o n  o f  
s o me  a s p ec t  o f  t h e  wo r l d ,  an d  a  v a lu e  
a s s ign ed  to  x  i s  a  meas u r emen t  o f  th e  wo r ld  
i n  t e rms  o f  t h a t  i n t e rp r e ta t io n .  I f  x  i s  t o  
d e s c r ib e  mo r e  th an  o ne  o b j ec t  - - th e  h e igh t s  
o f  1 0 0 0  p eop le ,  s a y- -  th en  i t  mu s t  t ak e  v a l u e s  
ch a rac t e r i s t i c  o f  e a ch  p e rs on .  Un l e s s  a l l  1 0 0 0  
p eop l e  a r e  ex a c t l y  t h e  s a me  h e i gh t ,  t h e s e  
v a l u es  wi l l  v a r y .  T h i s  po s s ib i l i t y  o f  v a r i a t io n  
g i v e s  x  i t s  d e sc r i p t i v e  u t i l i t y :  a  co ns t an t  
v a l u e  fo r  x  s a ys  th a t  wh a t  x  r ep r e s en t s  in  th e  
wo r l d  d o es  no t  ch an ge ,  mo d e ra te  v a r i a t io n  in  
t h e  v a l u e  s ays  th a t  th a t  a s p e c t  o f  th e  wo r ld  
ch a n ges  o n l y  a  l i t t l e ,  an d  w id e l y  d i f fe r in g  
v a l u es  t h a t  i t  ch an ge s  s ub s tan t i a l l y .  In  
gen e ra l ,  t h e r e fo r e ,  t h e  p o s s ib i l i t y  o f  
v a r i a t io n  i n  th e  v a lu e s  a s s ign ed  to  va r i ab l e s  
i s  fu n d a men t a l  to  t h e  ab i l i t y  o f  v a r i ab le s  to  
r e p res e n t  r e a l i t y .  
C la s s i f i c a t io n  o f  d o cu men t s  o r  o f  an yt h in g  
e l s e  t h e r e fo re  d ep e nd s  o n  t h e r e  b e in g  
v a r i a t io n  i n  th e i r  ch a ra c te r i s t i c s  - - id e n t i c a l  
o b j ec t s ,  s ay ca r s  o f  t h e  s ame  mak e  h a v in g  th e  
s a me  co lo u r  an d  t e ch n i ca l  s p ec i f i c a t i o n ,  
c an no t  b e  mea n in gfu l l y  c l a s s i f i ed .  Wh en  th e  
o b j ec t s  t o  b e  c l as s i f i ed  a r e  d e s c r ib ed  b y  
v a r i ab l es ,  t h en  th e  v a r i ab l e s  a r e  o n ly  u s e fu l  
fo r  t h e  p u rp o se  i f  t h e r e  i s  s i gn i f i c an t  
v a r i a t io n  i n  th e  v a lu e s  th a t  i t  t ak e s .  I f ,  fo r  
ex a mp l e ,  a  l a r ge  r an d o m co l l e c t io n  o f  p e o p le  
was  d e s c r ib ed  by  v a r i ab l e s  l ik e  h e igh t ,  
we i gh t ,  an d  i n co me ,  th e r e  wo u ld  b e  
s ub s tan t i a l  v a r i a t io n  i n  v a lu e s  fo r  e ach  o f  
t h em,  an d  th e y  co u ld  l e g i t i ma t e l y  b e  u s ed  to  
c l a s s i fy  th e  p e o p le  i n  t h e  s amp le .  On  th e  
o t h e r  h an d ,  a  v a r ia b le  l ik e  'h a s  n os e '  wo u ld  
b e  e f fec t iv e l y  u s e le s s ,  s i n ce ,  wi th  v e r y  few  
ex c ep t i on s ,  ev e ryo n e  h as  a  n o s e  - - th e r e  
wo u ld  b e  a l mo s t  n o  v a r i a t io n  in  t h e  b o o l ean  
v a l u e  1  fo r  th i s  v a r i ab l e .  In  an y  
c l a s s i f i c a t i o n  ex e r c ize ,  t h e r e fo re ,  o n e  i s  
l o o k in g  fo r  v a r i a b le s  w i t h  s u b s t an t i a l  
v a r i a t io n  i n  th e i r  v a l u es ,  an d  can  d i s r e ga rd  
v a r i ab l es  w i th  l i t t l e  o r  n o  v a r i a t io n .  
M a th ema t i ca l l y ,  t h e  d e gre e  o f  v a r i a t i o n  in  
t h e  v a lu e s  o f  a  v a r i ab le  i s  d e s c r i b ed  b y  i t s  
v a r i an ce  (P yl e  1 9 9 9 ,  1 6 2  f f ) .  Th e  v a r i an ce  o f  
a  s e t  o f  v a r i ab l e  v a l u e s  i s  th e  av e rage  
d ev i a t i o n  o f  t h o s e  v a l u e s  f r o m t h e i r  me an .  
As s u me  a  s e t  o f  n  v a l u e s  { x 1 ,  x 2 . . . x n }  
a s s ign ed  to  a  v a r i ab le  x .  Th e  m ean  o f  t h e s e  
v a l u es  µ  i s  (x 1  +  x 2  +  . . .  +  x n )  /  n .  Th e  
amo u n t  b y  wh ich  a n y  g iv en  v a lu e  x i  d i f fe r s  
f r o m µ  i s  t h e n  x i  -  µ .  Th e  av e ra ge  d i f fe r en ce  
f r o m µ  a c ro s s  a l l  v a lu es  i s  th e r e fo re  Σ i = 1 . . n  
(x i  -  µ )  /  n .  Th i s  a v e rage  d i f fe r e n ce  o f  
v a r i ab l e  v a lu e s  f r o m t h e i r  mea n  a l mo s t  b u t  
n o t  q u i t e  c o r r e s po n ds  to  t h e  d e f i n i t i o n  o f  
v a r i an ce .  On e  mo re  s t e p  i s  n ece ss a ry ,  an d  i t  
i s  t e c h n ica l  r a t h e r  t h an  co n cep tu a l .  B ec au se  
µ  i s  an  av e rage ,  s o me  o f  t h e  v a r i ab le  v a l u e s  
w i l l  b e  g r e a te r  th a n  µ ,  an d  s o me  w i l l  b e  l e s s .  
C o n s eq uen t l y ,  s o m e  o f  th e  d i f fe r en ces  (x i  -  
µ )  w i l l  b e  p o s i t iv e  a n d  s o me  n e ga t i v e .  Wh en  
a l l  t h e  (x i  -  µ )  a r e  ad d ed  up ,  a s  a b ove ,  th e y  
wi l l  c a n ce l  e ach  o th e r  o u t .  To  p r ev en t  th i s ,  
t h e  ( x i  -  µ )  a r e  s q u a red .  Th e  s t an da rd  
d e f in i t io n  o f  v a r i an ce  fo r  n  v a lu e s  { x 1 ,  
x 2 . . . x n }  a s s i gn ed  to  a  v a r i ab le  x ,  t h e r e fo r e ,  
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G iv en  a  d a t a  ma t r i x  Q in  wh i ch  th e  ro ws  a r e  
c a s e s  a nd  t h e  co l u mn s  a r e  l ex ic a l  t yp e  
v a r i ab l es  d e s c r ib ing  t h e  ca s e s ,  an d  a l s o  t h a t  
t h e  a i m i s  t o  c l a s s i f y  th e  ca s e s  o n  t h e  b a s is  
o f  t h e  d i f f e r en ce s  a mo n g t h em,  th e  
ap p l i c a t io n  o f  v a r i an ce  to  d i men s i o n a l i t y  
r e d u c t i on  i s  s t r a i gh t fo rwa r d :  e l i mi n a te  a l l  
v a r i ab l es  w i th  l o w  v a r i an ce ,  t h a t  i s ,  v a r i ab l e s  
wh o s e  v a lu e s  d o  no t  v a r y  en o u gh  fo r  t h e m to  
b e  u s e fu l  i n  d o cu men t  c l a s s i f i c a t io n .  As  wi th  
t h e  u pp e r  and  lo wer  th r e sh o l ds  d i s cu ss ed  in  
t h e  p r e ced in g  s ec t i o n ,  th i s  b e gs  th e  q u es t ion  
o f  h o w lo w i s  to o  l o w,  t h a t  i s ,  o f  s e l e c t i n g  a  
t h r e sh o l d .  Th e r e  i s ,  h o wev e r ,  an  ad d i t i o n a l  
c au t io n  in  u s i n g  v a r i a n ce  a s  a  s e l ec t io n  
c r i t e r io n .  On e  mi g h t  b e  t emp ted  t o  a s su me  
t h a t  th e  h i gh e r  th e  v a r i an ce  o f  a  v a r i ab l e ,  t h e  
mo re  u s e fu l  i t  i s  f o r  do c u men t  c l a s s i f i c a t i o n ,  
b u t  th i s  wo u l d  b e  a  fa l s e  a s s ump t i o n .  
Va r i an ce  o n l y mea s u r es  th e  sp r ead  ac ro s s  a  
v a r i ab l e ' s  d i s t r ib u t io n  o f  v a l u e s ,  b u t  s a ys  
n o t h in g  a b o u t  t h e  s h ap e  o f  th a t  d i s t r i b u t i o n .  
Sp ec i f i c a l l y ,  t h e r e  i s  n o  s ys tema t i c  
r e l a t io n sh i p  b e t wee n  v a r i an ce  an d  degre e  o f  
r a n do mn es s  in  a  d i s t r ib u t ion :  ev en  a  v e r y  
h i gh -v a r i an ce  v a r i ab l e  c an  b e  en t i r e l y  
r a n do m.  Th e  i mp l i ca t io n  o f  t h i s  i s  d i s cus sed  
b e l o w;  in  t h e  l i gh t  o f  th a t  d i s cu s s io n ,  an d  
r e l a t iv e  to  s o me  g i v en  d a ta  s e t ,  v a r i a n ce  wi l l  
emer ge  a s  a  go o d  wa y o f  e l i min a t in g  u s e l e s s  
v a r i ab l es  f ro m th e  d a ta ,  b u t  n o t  a s  a  wa y  o f  
r a n k in g  th e  r e ma i n d e r  in  t e r ms  o f  th e i r  
u s e fu ln e s s .   
Va r i an ce  i s  a  fu n d ame n ta l  co n cep t  in  
p r ob ab i l i t y  an d  s t a t i s t i c s ,  an d  an y  in  a  w id e  
r a n ge  o f  t ex t b o o ks  can  p ro v id e  add i t io n a l  
i n fo rma t i o n  - - s ee ,  fo r  e x amp l e ,  
M i l t o n /Arn o ld  ( 2 0 03 ) .  
i i i .  Lex i ca l  f r e q u en c y d i s t r ib u t io n  
In  1 9 7 2  Sp ä r ck -J on e s  p ro po s ed  wh a t  was  to  
b ec o me  a  s t an d a rd  p r i n c ip l e  in  In fo rma t io n  
R e t r i ev a l :  t h a t  a  l e x ica l  t yp e 's  u s e fu l n e s s  i s  
d e t e rmin ed  n o t  b y  i t s  ab s o l u te  f r e q u en c y 
ac r o ss  a  co l l e c t io n ,  b u t  b y  th e  p a t t e rn  o f  
v a r i a t io n  in  i t s  f r eq u en c y ac ro s s  the  
d o cu men t s .  To  ga in  an  i n tu i t io n  fo r  th i s ,  
a s su me  a  co l l e c t io n  o f  d o cu men t s  r e l a t ed  to  
t h e  co mp u te r  i n d us t r y .  A t  o n e  en d  o f  th e  
r a n ge  a r e  v e r y  lo w  fr eq u en c y wo r d s  t h a t ,  a s  
ex p e c ted ,  a r e  o f  l i t t l e  o r  n o  u s e  fo r  d o cu men t  
c l a s s i f i c a t i o n :  a  wo rd  l ik e  ' co f fe e '  t h a t  
o cc u rs  a  fe w  t i mes  i n  o n e  o r  t wo  d o cu men t s  
t h a t  c a u t io n  a ga in s t  s p i l l s  i n to  k e yb o a rds  i s  
i n s ign i f i c an t  in  r e l a t io n  to  th e  seman t i c  
co n t en t  o f  th e  co l l e c t i o n  a s  a  wh o le ,  an d  a  
wo rd  l i k e  ' b i c yc le '  t h a t  o c cu rs  o n l y o n ce  t e l l s  
u s  on l y th a t  t h e  d o cu men t  i n  wh ich  i t  ap p ea r s  
i s  u n i q u e  on  t h a t  c r i t e r i o n .  At  th e  o th e r  en d  
o f  th e  r an ge ,  a  wo rd  l ik e  'co mp u t e r '  an d  i t s  
mo rp h o l o gica l  v a r i an t s  i s  l i k e l y  to  b e  b o th  
v e r y f r eq u en t  a c r o ss  th e  c o l l e c t i o n  an d  to  
o cc u r  i n  mo s t  i f  n o t  a l l  t h e  d o cu me n t s ,  an d  a s  
s u ch  i s  a  p o o r  c r i t e r io n  fo r  c l a s s i fy in g  
d o cu men t s  d e s p i t e  i t s  h i gh  ab so l u te  
f r eq u en cy:  i f  a l l  t h e  d o cu me n t s  a r e  a b ou t  
co mp u t e r s ,  b e in g  ab o u t  co mp u te r s  i s  n o t  a  
u s e fu l  d i s t in gu i s h in g  c r i t e r io n .  In  s h o r t ,  
l ex ica l  f r eq u en c y o n  i t s  o wn  i s  n o t  a  r e l i a b le  
c l a s s i f i c a t i o n  c r i t e r io n .   Th e  mo s t  u s e fu l  
l ex ica l  t yp es  a r e  th o s e  wh os e  oc cu r re nces  a r e  
b o t h  r e l a t i v e l y f r eq u en t  and  n o t ,  l i k e  
' co mp u te r ' ,  u n i fo r ml y  s p r ead  ac ro ss  a l l  
co l l e c t io n  d o cu men t s   b u t  r a th e r  oc cu r  in  
c l u mp s ,  s u ch  t h a t  a  r e l a t i v e l y  fe w  d o c u men t s  
co n t a in  mo s t  o r  a l l  t h e  o ccu r r en ces ,  an d  th e  
r e s t  o f  th e  c o l l e c t i o n  fe w  o r  n o n e ;  ' d ebu g ' ,  
fo r  ex a mp l e ,  c an  b e  ex p ec ted  to  o c cu r  
f r eq u en t l y in  d o cu men t s  th a t  a r e  p r ima r i l y  
ab ou t  co mp u te r  p r o gra m min g  an d  co mp i l e r  
d e s ign ,  b u t  o n l y  in f r eq u en t l y i f  a t  a l l  i n  
t h o s e  ab ou t ,  s a y,  wo rd  p ro ce ss i n g .  On  th i s  
c r i t e r io n ,  l e x ica l  t yp e s  a r e  s e l ec ted  in  
a cc o rd an ce  wi t h  th e i r  ' c l u mp i n es s '  o f  
o cc u r r en c e  ac ro ss  d o cu men t s  in  a  c o l l e c t i o n .   
Th re e  me th o d s  us ed  in  In fo r ma t io n  R e t r i e v a l  
fo r  d e t e rm in i n g  c lu mp in es s  i n  d a t a  a r e :   
i .  TF . ID F  ( 'Te r m F req u en cy  *  In v e r s e  
Do cu men t  F req u enc y ' ) :  Sp ä rc k -J o n es  (1 9 72 ) ,  
R o b e r s to n / Spä rck  J o n es  (1 9 7 6) ,  
Sa l to n / McGi l l  ( 1 9 8 3 ,  6 3 ) ,  Sa l to n /B u ck le y  
(1 98 8 ) ,  B u ck le y (1 9 9 3) ,  B e l ew (2 0 0 0 ,  8 4 -5 ) ,  
Sp ä r ck  J o n es  e t  a l .  ( 2 0 0 0 ) ,  Sp ä rc k  J o n es  e t  
a l .  ( 2 0 03 ) ,  Ro b e r t s on  (2 0 0 4 ) ,  
R o b e r s to n / Spä rck  J o n es  (2 00 4) ,  Sp ä rck -J o nes  
(2 00 4 ) .   
i i .  S i gn a l - n o i s e  r a t i o :  Sa l to n / Mc Gi l l  ( 1 9 83 ,  
6 3 -6 ) ,  B e l ew (2 0 00 ,  8 3 -4 ) .  Th i s  me th o d  i s  
b a s ed  in  id eas  f ro m In fo r ma t io n  Th e o r y,  f o r  
wh ich  s ee  fo r  ex amp l e  P i e r ce  ( 1 9 8 0 )  an d  
M acKa y ( 2 0 0 3) .  
i i i .  Po i s s o n  t e rm  d i s t r ib u t io n :   On  t h e  t h eo r y  
o f  Po i s s o n  d i s t r i b u t i o n ,  s ee  C la rk e  &  C o o k e  
(1 99 8 ,  ch .  2 0 ) .  On  Po i s so n  d i s t r ib u t io n  a s  a  
mo d e l  fo r  d i s t r ib u t io n  o f  l ex i s  in  d o cu men t  
co l l e c t io n s :  B oo ks te i n  /  Swan s on  (1 97 4 ) ;  
B o o ks t e in  /  Kra f t  ( 1 9 77 ) ;  C ro f t  /  Ha r p e r  
( 1 97 9 ) ;  v an  R i j s b e rge n  ( 1 97 9 ,  2 7 -9 ) ;  
R o b e r s to n  /  Wa l k e r  ( 1 99 4 ) ;  Ch urch  /  Ga yle  
(1 99 5 a ,  1 99 5b ) ;  B e l ew (2 0 0 0 ,  7 3  f f ) .  
Sp ace  co ns t r a i n t s  d o  n o t  p e r mi t  t h e s e  t o  b e  
d e s c r ib ed  h ere ,  an d  th e  r ead e r  i s  r e f e r r ed  to  
t h e  c i t ed  r e fe r en ce s .  
c )  Va r i ab le  r ed e f in i t io n  
Di men s i o n a l i t y  r ed u c t io n  can  b e  ach ie v ed  b y  
r e p lac i n g  t h e  v a r i ab l e s  t h a t  h av e  b een  c h os en  
t o  d e s c r ib e  t h e  d o ma i n  o f  in t e r e s t  w i th  
d i f fe r en t  v a r i ab le s  t h a t  d e s c r i b e  th e  d o ma in  
a s  we l l  a s ,  o r  a l mo s t  a s  we l l  a s ,  t h e  o r i g i n a l s ,  
b u t  a r e  fe we r  i n  n u mb er .   
We  h av e  s een  th a t  a  d a t a  s e t  o f  n - d im en s io n a l  
v ec to rs  d e f i n e s  a  man i fo ld  in  n - d im en s io n a l  
s p a ce .  In  s u ch  a  s p ace ,  i t  i s  p o s s ib l e  in  
p r in c i p le  t o  hav e  man i fo l d s  wh o s e  
d i men s io n a l i t y  i s  k ,  wh e re  k  <  n .   C o n s id e r  
t h e  3 - d imen s i o n a l  d a ta  s e t  i n  F i gu r e  8 a :  
v 1  v 2  v 3  
1  0 .5  0 .4  
2  1  0 .8  
3  1 .5  1 .2  
4  2  1 .6  
5  2 .5  2  
6  3  2 .4  
7  3 .5  2 .8  
8  4  3 .2  
9  4 .5  3 .6  
1 0  5  4  
 
 
a  b  
F i gu re  8 :  A o n e -d i men s io n a l  man i fo ld  in  3 -
d i me n s io n a l  s p ace  
P l o t t i n g  th i s  d a t a  in  3 -d i men s ion a l  s p ace  
(F i gu re  8 b )  sh o ws  i t  t o  d e s c r i b e  a  l in e .  B u t  
t h a t  l i n e  can  b e  r ed es c r ib ed  in  2  d i me n s io ns :  
v 1  v 3  
1  0 . 4  
2  0 . 8  
3  1 . 2  
4  1 . 6  
5  2  
6  2 . 4  
7  2 . 8  
8  3 . 2  
9  3 . 6  
1 0  4  
 
 
a  b  
F i gu re  9 :  A o n e -d i men s io n a l  man i fo ld  in  2 -
d i me n s io n a l  s p ace  
In  fac t ,  t h e  l i n e  can  b e  r ed es c r i bed  in  1  
d i men s io n  - -  i t s  l e n g th ,  1 0 . 6 3 - -  b y i t s  
d i s t an c e  f ro m 0  o n  th e  r e a l -n u mb er  l i n e :  
 
F i gu r e  1 0 :  A  o n e -d i men s i o n a l  man i fo l d  i n  
1 -d imen s io n a l  s p ace  
C o n s id e r  ano t h e r  ex amp le  - - a  p la n e  in  3 -
d i men s io n a l  s p a ce :  
 F i gu r e  1 1 :  A  t wo - d i men s i o n a l  ma n i fo l d  i n  
3 -d imen s io n a l  s p ace  
Th i s  p l an e  can  b e  r ed es c r ib ed  i n  2 -
d i men s io n a l  s p a ce  
 
F i gu r e  1 2 :  A  t wo - d i men s i o n a l  ma n i fo l d  i n  
2 -d imen s io n a l  s p ace  
An d ,  a s  u s u a l ,  t h i s  co n cep t  ex t en ds  
s t r a i gh t fo r wa rd l y  t o  an y d i men s i o n a l i t y .  
In  gen e r a l ,  t h e r e fo r e ,  a  l i n e  c an  b e  d e s c r i b ed  
i n  o n e  d imen s ion ,  t wo  d imen s i o n s ,  t h r ee  
d i men s io n s ,  o r  an y  n u mb er  o f  d i men s io ns  o ne  
l i k e s .  Es s en t i a l l y ,  t h o u gh ,  i t  i s  a  1 -
d i men s io n a l  o b jec t ,  i t s  ‘ i n t r in s ic  
d i men s io n a l i t y’  ( Ve r l e ys en  2 0 03 )  i s  1 .  In  
o t h e r  wo rd s ,  t he  mi n i mu m n u mb er  o f  
d i men s io n s  r equ i r ed  t o  d es c r ib e  a  l i n e  i s  1 ;  
h i gh e r - d imen s io n a l  d e s c r i p t io n s  a r e  p os s i b le  
b u t  u n nec ess a r y  an d ,  i n  a  s en s e ,  r ed un d an t .  A  
p l an e  was  d e sc r i b ed  i n  t wo  an d  th r ee  
d i men s io n s .  C ou ld  i t  a l s o ,  l i k e  a  l in e ,  b e  
d e s c r ib ed  in  o ne  d imen s i o n?  No :  th e  in t r in s i c  
d i men s io n a l i t y  o f  a  p l an e  i s  2  - - th e  
co r r es po n d in g  d a ta  s e t  mu s t  b e  2 - d imen s io n a l  
a t  l e a s t ,  g iv in g  t h e  co o rd in a t e s  o f  th e  p o in ts  
t h a t  d e s c r i b e  i t .  S i mi la r l y ,  t h e  in t r in s i c  
d i men s io n a l i t y  o f  a  cu b e  i s  3 ,  i n  t h a t  t h a t  
m in i mu m-d i me n s io n a l i t y  d a ta  s e t  t h a t  c an  
d e s c r ib e  i t  i s  t h e  t h r ee  x , y  an d  z  co o r d in a t e s  
o f  th e  p o in t s  t h a t  co mp r i s e  i t .  A  cu b e  can .  o f  
co u r s e ,  a l s o  ex i s t  n o t  o n l y in  3 - d ime n s io n a l  
s p a ce  b u t  a l s o  in  4 ,  1 0 ,  2 0 ,  an d  n -
d i men s io n a l  s p ace s ,  i n  wh ich  ca s e  i t  wo u ld  
b e  a  k -d imen s iona l  man i fo ld  o f  i n t r in s i c  
d i men s io n a l i t y  k  =  3  emb e d d ed  i n  n -
d i men s io n a l  s p a ce ,  wh e re  k  <  n .   
Th e  c o n cep t  o f  i n t r i n s i c  d i men s i o n a l i t y  
ap p l i e s  s t r a i gh t fo rwa rd l y  to  d i men s i o n a l i t y  
r e d u c t i on .  Th e  in fo rma t io n a l  co n ten t  o f  d a ta  
i s  c o n cep tua l i z ed  a s  a  k - d i m en s i on a l  
man i fo ld  i n  th e  n -d i me n s io n a l  s p a ce  d e f in ed  
b y  t h e  d a t a  v a r i ab l e s .  Wh er e  k  =  n ,  t h a t  i s ,  
wh e re  th e  in t r i n s i c  d i men s i o n a l i t y  o f  t h e  d a ta  
co r r es po n d s  to  the  n u mb e r  o f  d a ta  v a r i ab le s ,  
n o  d i men s ion a l i t y  r ed u c t i on  i s  po ss i b le  
w i t h o u t  s i gn i f i c a n t  l o s s  o f  in fo rma t i o n .  
Ho wev e r ,  t h e  fo r e go in g  d i s cu s s ion  o f  d a ta  
c r ea t i o n  no t ed  th a t ,  wh e n  d e s c r ib i n g  a  
d o ma in  o f  i n t e r e s t ,  s e l e c t i o n  o f  v a r i a b le s  i s  
a t  t h e  d i s c r e t i o n  o f  th e  r e s ea r ch er .  I t  i s  
t h e r e fo re  p o s s ib l e  t h a t  th e  s e l ec t io n  o f  
v a r i ab l es  in  an y  g i v en  ap p l i c a t io n  wi l l  b e  
s ub op t ima l  in  t h e  s e n s e  t h a t  t he r e  i s  
r e d un d an c y a mo n g  th e  v a r i ab le s ,  t h a t  i s ,  t h a t  
t h e y o v e r l ap  wi th  o n e  an o th e r  in  t e rms  o f  th e  
i n fo rma t i o n  t h e y  r ep re se n t  a b o u t  t h e  d o ma i n ;  
wh e re  th e r e  i s  a  s i gn i f i c an t  a m o u n t  o f  
r e d un d an c y,  i t  i s  p o s s ib l e  in  p r i nc ip l e  to  
r e p res e n t  th i s  in fo r ma t io n  u s in g  a  s ma l l e r  
n u mb er  o f  v a r i a b l e s ,  t h u s  r ed u c in g  th e  
d i men s io n a l i t y  o f  th e  d a ta .  In  s u ch  a  c a s e ,  
t h e  a i m o f  d i men s i o n a l i t y  r ed u c t io n  o f  d a ta  i s  
t o  d i s co v er  i t s  i n t r i n s i c  d imen s i o n a l i ty  k ,  f o r  
k  <  n ,  a n d  to  r ed es c r ib e  i t s  i n fo rma t i o n a l  
co n t en t  in  t e r ms  o f  th o s e  k  d imen s i o ns .  
Th e  mo s t  o f t en  u s ed  v a r i ab l e  r ed ef i n i t io n  
me th o d  i s  p r in c i p a l  co mp o n en t  an a lys i s ,  o n  
wh ich  s ee  J o l l i f fe  ( 2 0 02 )  an d  J acks on  (2 00 3 ) ;  
b r i e fe r  a cc o u n ts  a r e  in  B i s h o p  ( 1 99 5 ,  3 1 0 f f ) ,  
Ev e r i t t  /  Du n n  (2 0 01 ,  ch .  3 ) ,  Gr i m m /  
Ya rn o l d  (1 99 5 ,  9 9 -1 36 ) ,  Ha i r  e t  a l .  ( 1 9 98 ,  
8 7 -1 38 ) ,  Oa k es  (19 9 8 ,  96 - 10 8) ,  Tab ach n i k  /  
F i d e l l  ( 2 0 0 1 ,  ch .  1 3 ) ,  Web b  (2 0 0 2 ,  3 1 9-44 ) ,  
Wo o d s  e t  a l .  ( 1 9 86 ,  2 7 3 ) .  PC A i s  a  p a r t i cu l a r  
cas e  o f  S in gu l a r  Va l u e  Deco mp o s i t i o n  (SVD)  
o n  wh ich  s ee  (Leb a r t  /  R a j man  (2 0 00 ) ,  
M an n in g  /  Sch ü tze  1 9 99 ,  5 5 4-66 ) .  B o th  PCA  
an d  SVD a re  l i n ea r  me th o d s ;  n o n l in ear  
v a r i ab l e  d e f in i t io n  me t h o d s  a r e  d e s c r ib ed  in  
D ia man t a r a s  /  Ku n g  ( 1 9 9 6) ,  B i s h o p  (1 9 9 5 ,  
3 1 4- 19 ) ,  P yle  (1 9 9 9 ) ,  3 6 0 -7 7 .  
3 . 4 .3  Da ta  l in e a r i z a t io n  
In  p h ys ica l  s ys t ems  th e r e  i s  a  fu n d amen t a l  
d i s t i n c t i o n  be t we en  l in ea r  and  no n l in ea r  
b eh av io ur .  To  ge t  an  i n tu i t i o n  fo r  wh a t  i s  
i n v o lved ,  an d  wh y th e  d i s t i n c t i o n  i s  
i mp o r tan t ,  h e r e  i s  an  ex p e r imen t .  K ic k  a  b a l l  
an d  no te  h o w fa r  i t  go e s .  K i ck  i t  a g a in ,  b u t  
t h i s  t i me  t wi ce  a s  h a r d ,  an d  o n ce  a ga in  n o te  
h o w fa r  i t  go e s .  Th e  n a tu r a l  e xp ec ta t io n  i s  
t h a t  i t  w i l l  go  t w ice  a s  fa r ,  a n d  th i s  
ex p e c ta t ion  i s  fu l f i l l e d .  Th i s  i s  l i n ea r  
b eh av io ur :  t h e  e f f ec t  i s  p ro po r t io n a l  t o  th e  
cau s e .  Bu t  t ak e  t h e  e x p e r i men t  fu r th e r .  
B ecau s e  hu man  s t r en gt h  i s  l i m i t ed ,  we  wi l l  
l e t  a  mac h in e  k ick  t h e  b a l l  i n  a  s e r i e s ,  e ach  
t i me  tw i ce  a s  h a rd  a s  t h e  t i m e  b e fo re :  k ,  2 k ,  
4 k ,  8 k  a nd  so  on .  I f  i t  go e s  1 0  me t r e s  fo r  k ,  
an d  20  me t r e s  fo r  2 k ,  w i l l  i t  a l s o  go  4 0  
me t r e s  fo r  4 k ,  an d  8 0  me t r e s  fo r  8 k ?  No .  As  
i t  i s  k i ck ed  h a r d er  an d  h a rd e r ,  i t  go e s  fa s t e r  
an d  fu r t h e r .  A i r  r e s i s t an ce  b eco mes  a  fa c t o r  
a t  h i gh e r  s p e eds ,  an d  s o  do es  r o l l in g  
r e s i s t ance .  Th e  b a l l  mi gh t  o n l y  g o  7 8  me t r e s  
fo r  an  8 k  k ic k ,  an d  15 0  me t r e s  fo r  a  1 6 k  
k i ck ,  e t c .  Ev en t u a l l y ,  t h e  k ick  wi l l  b e  s o  ha rd  
t h a t  th e  b a l l  b u r s t s  an d  go es  h a rd l y  an y  
d i s t an c e  a t  a l l .  Th i s  i s  n o n l i n ea r  b eh av iou r :  
i t  i s  t h e  b r eakd o wn  o f  p ro p o r t i o n a l i t y  
b e t we en  ca u s e  a n d  e f fec t  in  p h ys i ca l  s ys t e ms ,  
an d  i t  c an  gen e ra t e  a  v a r i e t y  o f  co mp le x  an d  
o f t en  u n exp ec t ed  - - in c lu d i n g  ch a o t i c - -  
b eh av io ur s .  In  n a t u r e  th e r e  a r e  fe w  t r u l y  
l in ea r  s ys t e ms .  N o n l i n ea r i t y  p e rv a des  th e  
p h ys ica l  wo r ld  (H i l b o rn ,  2 00 0 ;  Po r t e r /G le ick  
2 0 01 ;  Sp ro t t ,  2 0 03 ) ,  an d ,  b ecau se  i t  d o es ,  
d a t a  man i fo l d s  th a t  d e s c r i b e  t h e  p h ys ic a l  
wo r l d  a r e  v e ry  l ik e l y  t o  co n t a in  
n o n l inea r i t i e s .  F i gu re  1 3 a  sh o ws  a  l i n ea r  
r e l a t io n sh i p  b e t wee n  two  v a r i ab l e s  x  an d  y ,  
an d  f i gu re  1 3 b  a  n on l i n ea r  o n e :  
 
 
 
a  b  
F i gu r e  1 3 :  Li n ea r  a n d  n on l in ea r  1 -
d imen s io n a l  man i fo ld s  
In  t h e  l in ea r  c a se  th e r e  i s  a n  i nv a r i an t  
p r op o r t i on a l i t y  b e t ween  x  an d  y ,  a n d  t h a t  
i n v a r i an ce  i s  r ep r e s en t ed  b y  a  s t r a i gh t  l i n e ;  
i n  th e  n on l i n ea r  c as e ,  o n  t h e  o th e r  h an d ,  th e  
r e l a t io n sh i p  b e tween  x  an d  y  v a r i e s  wi th  
d i f fe r en t  v a l u e s  o f  x ,  an d  t h a t  v a r i an ce  i s  
r e p res e n ted  b y  a  c u rv ed  l in e .  I n  th r ee  
d i men s io n s ,  l i n ea r  d a ta  mi gh t  gen e r a te  a  
p l an e  (F igu r e  1 4 a )  an d  no n l in e ar  d a ta  a  
cu r v ed  s u r fac e  ( F i gu re  1 4b ) :   
 
F i gu r e  1 4 :  Lin ea r  a n d  n on l in ea r  2 -
d imen s io n a l  man i fo ld s  
In  ge n e ra l ,  l i n ea r  man i fo ld s  a r e  l i n e s  and  
p l an es ,  an d  n o n l i n ea r  o n es  cu rv ed  and  c u rv ed  
s u r face s ;  t h e s e  c an n o t  b e  sh o wn  grap h ica l l y  
fo r  h i gh e r  d i men s i o n a l i t i e s ,  wh e r e  t h e y  a r e  
r e fe r r ed  to  a s  h yp e rp l an es  an d  h yp e rcu r ves  
r e s p ec t iv e l y .  No n l i n ea r  man i fo l d s  c an  r an ge  
f r o m fa i r l y  s i mp l e  cu r v es ,  a s  abo v e ,  t o  h i gh l y  
co mp le x  o n es .  
Th e  f i r s t  s t ep  i s  to  d e t e rm in e  wh e th e r  o r  n o t  
a  g i v en  ma t r i x  in  fa c t  co n t a in s  s ign i f i c an t  
n o n l inea r i t y .  Th i s  s eems  o b v iou s ,  b u t ,  fo r  
h i gh -d i men s io n a l  d a ta ,  i t  i s  n o t  a l wa ys  o r  
ev e n  us u a l l y  s t r a i gh t fo rwa rd .  In  th e  l i gh t  o f  
t h e  fo r e go in g  o b se r v a t i o n  th a t  n on l i n ea r i t y  
p e r v ad es  th e  n a tu r a l  wo r l d ,  t h e  s t r o n g  
s us p ic i on  mu s t  b e  t h a t  th e  gen e r a t i n g  p ro c ess  
i s  n on l in ea r ,  b u t  th i s  i s  no t  c e r t a in .  Ev en  i f  
t h e  gen e ra t i n g  p r o ce ss  i s  n o n l inea r ,  
mo reo v e r ,  t h e r e  i s  n o  gu a r an tee  t h a t  e v e r y  
d a t a  s e t  i t  gen e ra t e s  wi l l  co n t a in  
n o n l inea r i t i e s .  Th i s  s o un ds  p a r ado x ic a l ,  b u t  
co ns id e r  th e  s h ap e  o f  th e  fa m i l i a r  n o n l in ear  
l o g i s t i c  fu n c t i o n ,  wh ich  mo d e l s  a  r a n ge  o f  
n a t u r a l  p ro ce ss es  ( r e f) :  
 
F i gu re  1 5 :  Gr ap h  o f  l o g i s t i c  fu n c t io n  
Th o u gh  i t  i s  n o n l i n ea r  g l o b a l l y ,  t h e r e  i s  a  
r e l a t iv e l y  l a r ge  i n t e rv a l  th a t  i s  l i n e a r  o r  
n ea r - l in ea r ;  i f  t h e  d a ta  o f  i n t e r e s t  h ap p en s  to  
co me  f r o m t h a t  i n t e rv a l  o f  o u tp u t  v a lu e s ,  
t h en  i t  i s  l i n ea r  eve n  th ou gh  i t  was  gen e ra ted  
b y  a  n o n l in e a r  p ro c e ss .  A  p r io r i  r e a s on in g  
can no t ,  i n  s h o r t ,  e s t ab l i s h  wh e th e r  o r  n o t  a  
d a t a  s e t  co n ta i ns  s i gn i f i c an t  n o n l in ea r i t i e s .  
On l y  d i r ec t  ex a mi n a t i o n  o f  th e  d a ta  w i l l  
e s t ab l i sh  th i s .  T h e  p r ob lem i s  t h a t ,  fo r  
mu l t iv a r i a t e  d a ta ,  an d  p a r t i cu l a r l y  fo r  
d i men s io n a l i t y  g r ea te r  th an  3 ,  t h i s  i s  u s u a l l y  
i mp r ac t i c a l  ( r e fs ) .  On e  s o lu t io n  i s  to  
l in ea r i z e  t h e  d a t a  ma t r ix  u s in g  u s in g  o n e  o f  
t h e  s t a n d ard  l in ear i z a t io n  me th o d s  (Ha i r  e t  
a l .  1 9 9 8 ,  7 5 -8 3 ) .  Th e  n o n l in ea r i t i e s  ma y,  
h o wev e r ,  t h ems e l v e s  b e  o f  in t e r e s t ,  an d  
l in ea r i z a t io n  t h rows  th e  b a b y o u t  w i t h  th e  
b a t h  wa te r .  Th e  o t h e r  a l t e rn a t i v e  i s  t o  u s e  an  
an a l yt i c a l  me th o d  th a t  c an  acco m mo d a te  
n o n l inea r i t i e s ,  o n  wh ich  mo r e  b e l o w.  
4 .  Ex p l o ra to r y mu l t iv a r i a t e  me th o d s  
Ex p l o ra t o ry  an a l y t i c a l  me t h o d s  a r e  
e s s en t i a l l y  v a r i a t i o ns  o n  a  th e me :  c lu s t e r  
an a l ys i s .  C lu s te r  an a l ys i s  a i ms  to  i d en t i fy  
an d  gr ap h i ca l l y  to  r ep re s e n t  n on rand o mn es s  
i n  th e  d i s t r i b u t i o n  o f  v ec t o r s  i n  n -
d i men s io n a l  s p a ce .  Sp a t i a l  r e gu la r i t i e s  in  th e  
gr ap h ica l  r ep r e s en t a t i o n s  a r e  i n t e rp re t ed  a s  
r e f l e c t in g  r e gu l a r i t i e s  in  th e  n a t u r a l  p ro c ess  
t h a t  gen e r a ted  t h e  d a ta ,  an d  s u pp or t  
h yp o t h e s es  ab o u t  t h e  ch a ra c te r i s t i c s  o f  th e  
p r o cess .  In  F i gu re  1 6 a ,  fo r  ex a m p le ,  t h e  
v ec to rs  a r e  s p r ea d  mo re  o r  l e s s  u n i fo rml y  in  
t wo - d imen s i o n a l  s p ace ;  th e r e  a r e  s ome  lo c a l  
co n c en t r a t io n s ,  b u t  th e s e  a r e  n o t  c l e a r l y  
d e f in ed  a n d  i t  i s  d i f f i cu l t  t o  in fe r  an yt h in g  
ab ou t  th e  p ro c e ss  th a t  gen e r a ted  t h e  d a ta  
o t h e r  th an  t h a t  i t  ap p ea r s  to  b e  b ro ad l y  
r a n do m.  In  F i gu re  1 6 b ,  o n  th e  o th er  h a n d ,  
t h e r e  a r e  c l e a r l y  d e f in ed  co n cen t r a t i o n s  o f  
v ec to rs  s u ch  th a t  two  g r o u p s  o f  p o i n t s  a r e  
s p a t i a l l y  r e l a t iv e l y  c l o s e  i n  e ach  gro u p ,  an d  
s p a t i a l l y  r e l a t i v e ly  fa r  f r o m each  o th e r ,  
wh ich  s u gges t s  th a t  th e  gen e r a t i n g  p r o c e ss  i s  
s t r o n gl y  n o n r an dom .  
  
a  b  
F i gu re  1 6 :  R an d o m an d  n on rand o m d a ta  
In  t wo  o r  t h r ee  d imen s i o ns ,  s u ch  
d i s t r ib u t i on s  ca n  b e  p lo t t ed  a n d  in t e rp r e ted  
b y  e ye .  In  h i gh e r  d i me n s io ns  th i s  i s  no  l o n ge r  
p os s ib l e ,  h o wev er ;  t h e  v a r io u s  c lu s t e r  
an a l ys i s  me th o d s  a r e  j u s t  d i f fe r en t  wa ys  o f  
r e p res e n t in g  n o n ran d o m s t ru c t u r e  i n  h i gh e r -
d i men s io n a l  d a t a  g r ap h ica l l y  i n  t wo  o r  th r ee  
d i men s io n a l  s p a ce .  
Th e r e  i s  an  ex ten s ive  r an ge  o f  c lu s t e r  
an a l ys i s  me th o d s  to ge th e r  w i th  a  l a r ge  
a s so c ia t ed  l i t e r a tu r e :  fo r  ex a mp l e  A rab ie  e t  
a l .  ( 1 9 9 2 ) ,  Du d a  e t  a l .  ( 2 0 0 1 ,  ch .  1 0 ) ,  
Ev e r i t t / Du n n  (2 001 ) ,  Ev e r i t t  e t  a l .  (2 0 0 1) ,  
Go rd o n  (19 87 ) ,  Go rd o n  ( 19 92 ) ,  Go rd on  
(1 99 9 ) ,  Go re  (20 0 0) ,  Gr i m m /  Ya r n o ld  
(1 99 5 ) ,  Gr i m m /  Y a rn o ld  (2 00 0 ) ,  Ha i r  e t  a l .  
( 1 99 8 ,  ch .  9 ) ,  J a in  /  Du b es  ( 1 98 8 ) ,  J a in  e t  a l .  
( 1 99 9 ) ,  Ka ch igan  (1 9 91 ) ,  M an n in g  /  Sch ü t ze  
(1 99 9 ,  ch .  1 4 ) ,  Oa k es  (1 99 8 ,  ch .  3 ) ,  Tan  e t  
a l .  ( 2 0 06 ,  ch s .  8  &  9 ) ,  T in s le y  /  B ro wn  
(2 00 0 ) ,  Tab ac hn ik  /  F id e l l  ( 2 0 0 1 ) ,   Web b  
(2 00 2 ,  c h .  1 0 ) , .  Th e re  i s  n o  h o pe  o f  
d e s c r ib in g  i n d iv i d ua l  me t h o d s  in  d e t a i l  h e r e ,  
s o  wh a t  fo l lo ws  g i v e s  an  o v erv i ew in  t h r ee  
p a r t s .  Th e  f i r s t  p a r t  i n t ro d uces  b a s i c  i s s u es  
i n  c lu s t e r  an a l ys i s ,  t h e  s eco nd  c i t e s  s o me  
co m mo n l y  u s ed  me t h o ds ,  an d  t h e  t h i rd  i s s u es  
a  c au t io n  a b ou t  u s in g  th o s e  me th o d s .  
a )  B as i c  i s s u es  
Th e  mo s t  i mp o r tan t  th i n g  to  r e a l i z e  a b o u t  
c l u s t e r  ana l ys i s  i s  t h a t  th e r e  i s  no  s in gle  
' b e s t '  me th o d ;  s ee  fo r  ex amp le  Ev e r i t t  e t  a l .  
( 2 00 1 ,  ch . 8 ) ,  Tan  e t  a l .  ( 2 0 0 6 ,  6 3 9-4 2 ) .  In  
an y p a r t i cu la r  ap p l i c a t io n ,  s e l ec t io n  o f  o n e  
o r  mo re  me th o d s  mu s t  b e  i n fo r med  b y a  
v a r i e t y o f  co n s id er a t i o n s ,  t h r ee  o f  t h e  mo s t  
i mp o r tan t  o f  wh ich  a r e :   
i .  Ho w mu ch  i s  k n o wn  abo u t  t h e  c lu s t e r  
s t r u c t u re  o f  t h e  d a t a?  
In  c l u s t e r  an a l ys i s  th e r e  i s  a  d i s t in c t io n  
b e t we en  me t h o d s  wh ich  mak e  n o  a  p r io r i  
a s su mp t io n s  ab ou t  t h e  s t r u c t u r e  o f  g i v en  d a ta  
an d  a t t emp t  t o  d i s co v e r  c l us t e r s  p u re ly  o n  th e  
b a s i s  o f  th e  d a ta ' s  ch a rac t e r i s t i c s ,  and  t h os e  
wh ich  p r e s up pos e  t h a t  th e  d a ta  h a s  a  c lu s t e r  
s t r u c t u re  an d  r equ i r e  s p ec i f i c a t i o n  o f  th e  
n u mb er  o f  c lu s t e r s  in  ad v an ce  o f  an a l ys i s .   I f  
l i t t l e  o r  n o th i n g  i s  k no wn  ab ou t  th e  c lu s t e r  
s t r u c t u re  o f  th e  g i v en  d a ta ,  t h en  on e  o f  th e  
fo r mer  me t h o d s  i s  ap p ro p r i a t e ,  b u t  i f  t h e r e  i s  
a  r e a s o n ab l e  d egr ee  o f  c e r t a in t y  a b o u t  i t s  
s t r u c t u re  th en  o ne  o f  th e  l a t t e r  t yp e  o f  
me th o d ,  s u c h  a s  k -mean s  c lu s t e r in g  o r  
k e r n e l -b as ed  ad ap t iv e  a l go r i th ms ,  c an  b e  
u s ed  ( fo r  s u r v ey  o f  th e s e  me th o d s  see  Web b  
2 0 02 ) .  Th e  p r es en t  d i s cus s ion  i s  con ce rned  
wi t h  ex p lo r a to ry  an a l ys i s ,  an d  a s  s u ch  i s  
h en c e fo r t h  co n c e rned  o n l y wi th  m e th o ds  t h a t  
mak e  n o  a  p r i o r i  a s s u mp t i o n s  abo u t  d a ta .  
i i .  I s  t h e  d a ta  l i n ea r  o r  n o n l i n ea r?  
Th e  s e l ec te d  me t h o d  o r  me t h o d s  mu s t  b e  
co mp a t ib le  w i th  th e  d a ta  b e in g  an a l yzed .  Fo r  
co n t inu ou s -v a l u ed  d a ta  s u ch  a s  tha t  b e in g  
d i s cuss ed  h e re ,  t h e  ma in  c r i t e r i o n  fo r  
co mp a t ib i l i t y  i s  w h e th e r  t h e  d a t a  ma n i fo ld  i s  
l i n ea r  o r  no t .  Da t a  th a t  co n t a ins  s ign i f i c an t  
n o n l inea r i t y  mu s t  b e  an a l yzed  u s i n g  a  
n o n l inea r  c lu s t e r ing  me t h o d ;  u s e  o f  a  l i n ea r  
me th o d  i n  s u ch  a  c a s e  mi s r ep r e s en t s  th e  
s t r u c t u re  o f  t h e  d a ta  to  gr ea te r  o r  l e s s e r  
d egr ee s ,  d e p en d ing  o n  th e  n a tu r e  o f  th e  
n o n l inea r i t y .  Wh a t  d o es  i t  mean s  fo r  a  
me th o d  to  b e  l in ea r  o r  n o n l i n ea r?  As s u me  a  
cu r v ed  man i fo ld  i n  n -d imen s io n a l  sp ace ,  a s  
d i s cuss ed  ea r l i e r .  Wh a t  i s  t h e  d i s t an ce  d i j  
b e t we en  an y  t wo  p o i n t s  i  an d  j  o n  t h a t  
man i fo ld ?  A  l in e a r  me t h o d  mea s u re s  t h a t  
d i s t an c e  a s  a  s t r a i gh t  l i n e  jo i n in g  th e  p o in t s ,  
i gn o r in g  th e  man i fo l d ' s  cu rv a t u r e ,  w h e rea s  a  
n o n l inea r  me th o d  meas u r e s  t h e  d i s t a nce  a lo n g  
t h e  s u r face  o f  th e  man i fo ld ,  t h e r eb y  t a k in g  
acc o un t  o f  th e  c u rv a t u r e .  Dep e n d in g  o n  th e  
t h e  two  meas u re s  can  b e  s i gn i f i c an t ,  an d  can  
t h e r e fo re  s i gn i f i c a n t l y  a f fec t  an a l ys i s  b a sed  
o n  i t .  An  ex a mp l e  i s  t h e  d i s t ance  b e tween  
t wo  p o in t s  A  an d  B  o n  th e  p e r ime te r  o f  th e  
c i r c l e  i n  F i gu re  1 7 :  th e  l in e a r  d i s t an ce  
b e t we en  th e m i s  a  ch o rd  d r a wn  t h ro u gh  th e  
i n t e r i o r ,  an d  t h e  n o n l in ea r  on e  th e  l en gt h  o f  
t h e  p e r i me te r  s egm en t  b e tween  th e  p o i n t s  a s  
i n d ica t ed  b y  th e  a r c  in  th e  f i gu re :  
 
F i gu re  1 7 :  Li n ea r  a n d  n on l i n ea r  d is t ance  
C o n s id e r ,  fo r  ex amp le ,  t h e  p ro b l em  o f  
d i s cov e r in g  a  c l a s s i f i c a t i o n  fo r  t h e  d a t a  in  
F i gu re  1 8 a .  Th e  d a t a  s p ace  mu s t  be  
p a r t i t i o n e d  s uch  th a t  a l l  t h e  p o i n t s  i n  th e  
l e f t - h an d  c l u s t e r  fa l l  i n to  o n e  p a r t i t i o n ,  and  
a l l  t h e  p o in t s  i n  t h e  r i gh t -h an d  c lu s t e r  i n to  
an o t h er .  L in ea r  me t h o ds  a r e ,  b y  d e f in i t i o n ,  
l i mi t e d  to  d o i n g  t h i s  u s in g  s t r a i gh t  l i n e s  o r  
s u r face s ;  i n  t h i s  c a s e ,  t h a t  i s  s u f f i c i en t .   
 
 
a  b  
Fi gu re  1 8 :  Lin ea r l y  s ep a rab le  c lu s t e r s  
Fo r  th e  d a ta  in  f i gu r e  1 9 a ,  h o wev er ,  t h e r e  i s  
n o  s t r a i gh t  l i n e  t h a t  c an  s ep a ra te  t h e  t wo  
c l u s t e r s  w i t h o u t  m is c la s s i fy i n g  s o me  o f  th e  
p o i n t s ,  a s  i n  1 9 b .  Wh a t  i s  r eq u i r ed  fo r  
co r r ec t ion  c l a s s i f i c a t io n  i s  a  me t h o d  fo r  
f i n d in g  a  cu rv ed  p ar t i t i o n ,  a s  in  1 9 c .   
 
 
 
a  b  c  
F i gu re  1 9 :  No n l in e a r l y  s ep a rab le  c l u s te r s  
i i i .  Is  a  h i e r a r ch i ca l  o r  n o nh ie ra r ch ic a l  
an a l ys i s  r eq u i r ed?   
Th e  fu n d amen ta l  a i m o f  ex p l o ra t o r y a n a l ys i s  
i s  t o  gen e r a te  h yp o th e s es  ab o u t  s o me  d o ma in  
o f  i n q u i r y ,  a n d  i t  ma y  b e  th a t ,  i n  an y  
p a r t i c u la r  c a s e ,  s o me  me t h o ds  p ro v id e  
r e p res e n ta t ion s  o f  s t r u c t u re  th a t  d o  th i s  mo re  
u s e fu l l y  th an  o t he r s .  Th e  ma i n  d i s t in c t io n  
amo n g me th o d s  i n  t h i s  r ega rd  i s  b e tween  
t h o s e  th a t  ge n e ra t e  h i e r a r ch ica l l y  o rd e red  
c l u s t e r s ,  an d  th os e  t h a t  d o  n o t  an d  a r e  
t h e r e fo re  d e s c r ibed  a s  n on h ie r a r c h ica l .  
No n h ie r a r ch ica l  me t h o ds  gen e ra te  g r ap h ic a l  
r e p res e n ta t ion s  i n  t wo  o r  t h r ee  d i m en s io n a l  
s p a ce  su c h  th a t ,  g i v en  a  s u i t ab le  mea s u re  o f  
p r ox imi t y ,  v ec to r s  wh i ch  a r e  s p a t i a l l y  o r  
t o p o lo gi ca l l y  r e l a t i v e l y  c lo s e  to  o n e  an o t h er  
i n  h i gh -d i me n s io na l  s p ace  a r e  s p a t i a l l y  o r  
t o p o lo gi ca l l y  c lo s e  to  o n e  ano th e r  i n  th e i r  
t wo  o r  t h r ee  d i me n s ion a l  r ep re s en ta t io n ,  an d  
v ec to rs  wh i ch  a r e  r e l a t i v e l y  f a r  f r o m  o n e  
an o t h er  in  h igh -d imen s io n a l  s p ace  a re  c l e a r l y  
s e p a ra t ed ,  e i th e r  b y  r e l a t iv e  s p a t i a l  d i s t an ce  
o r  b y s o me  o th e r  g r ap h ica l  mean s ,  r e su l t in g  -
- i n  t h e  c a s e  o f  n o n ran do m d a t a - -  in  a  
co n f i gu r a t i o n  o f  we l l  d e f i n ed  c lu s t e r s .  
F i gu re s  1 8  and  1 9  ab ov e  a r e  a  t wo -
d i men s io n a l  ex a mp l e ;  a  t h r ee - d im en s io n a l  
o n e  mi gh t  lo o k  l i k e  F i gu re  2 0 :  
 
F i gu re  2 0 :  C lu s t e r s  in  3 -d imen s io n a l  sp a ce  
Hie r a r ch i ca l  me th o ds ,  o n  th e  o th er  h a n d ,  
r e p res e n t  p rox i mi t y  s t r u c t u r e  in  h i gh -
d i men s io n a l  d a ta  n o t  a s  s p a t i a l  c lu s t e r s  b u t  
a s  ' d en d ro gr a ms ' :  
 F i gu re  2 1 :  A  c lu s t e r  d en d ro gra m  
A d en d r o gram  i s  s imp l y  a  t r e e  o f  t h e  k ind  
l in gu i s t s  a r e  fa m i l i a r  w i th  f ro m s en t en ce  
s t ru c t u re  an a l ys i s .  I t  i s  s h o wn  h o r iz o n ta l l y  
r a th e r  in  th e  v e r t i c a l  o r i en ta t io n  th a t  i s  mo re  
u su a l  i n  l i n gu i s t i c s  in  o rd e r  to  mak e  i t  mo re  
r e ad i l y  r ep re s en tab l e  o n  a  p a ge ,  an d  th e  
l ab e l s   a t  t h e  ' l e av es '  a r e  n o t  l ex ic a l  t o k ens  
b u t  l a b e l s  fo r  th e  v ec to rs  i n  t h e  d a t a  s e t  - - ' 1 '  
i s  t h e  f i r s t  v ec t o r ,  '2 '  t h e  s ec o n d ,  a nd  s o  o n .  
L ik e  a  l in gu i s t i c  p h ra s e  s t ru c t u r e  t r e e ,  a  
d end r o gram  s h o ws  co n s t i tu e n cy  s t ru c t u r e :  i n  
t h i s  t r e e ,  v ec to r s  1  an d  7  co n s t i t u t e  a  ' p h ra s e '  
t h a t  co mb in ed  wi th  v ec t o r  8  s o  fo r m a  
s up e ro rd i n a te  ph ras e ,  wh ich  i t s e l f  c o mb i n es  
w i t h  th e  (4 ,9 ,1 0 , 5 )  ' p h ra s e '  t o  fo r m a n  ev en  
h i gh e r - l ev e l  ' p h ra se ' ,  an d  s o  o n .  Un l ik e  a  
l in gu i s t i c  p h r a s e  s t r u c tu r e  t r e e ,  h o wev e r ,  t h i s  
o n e  r ep re s en t s  no t  gr a m mat ica l  co n s t i t u en c y 
b u t  v ec t o r  p ro x imi t y  in  n -d i men s io n a l  s p ac e :  
v ec to rs  1  an d  7  a r e  r e l a t i v e l y  v e r y  c lo s e  and  
b o t h  o f  th e m a re  q u i t e  c l o s e  t o  8 ;  v ec to r s  4  
an d  9  a re  r e l a t i v e ly  c lo s e  an d  bo t h  a r e  q u i t e  
c l o s e  to  10 ;  an d  s o  o n .  An d ,  a ga in  u n l ik e  
gr a mm at ica l  p h ra s e  s t r u c tu r e  t r e e s ,  t h e  
l en gth s  o f  th e  b r an ches  l i n k in g  ' p h ras es '  
r e p res e n ts  r e l a t iv e  d egre e s  o f  p ro x imi t y :  t h a t  
t h e  l i n e s  fo r  l i n k i n g  4  an d  9  a r e  r e l a t iv e l y  
v e r y s h o r t  i n d i ca te s  th a t  th e  co r r e sp o n d in g  
v ec to rs  a r e  c los e  in  n -d i men s ion a l  s pa ce ,  b u t  
t h e  r e l a t i v e l y  lo n g  l in e s  b e t wee n  (1 , 7 ,8 )  and  
(4 ,9 ,1 0 ,5 )  ind i ca te  co ns i d e rab l e   d i s t an ce .  In  
t h e  l i gh t  o f  t h i s ,  t h e  c l u s t e r  i n t e rp re ta t io n  o f  
t h e  ab o v e  t r e e  i s  s t r a i gh t fo r wa rd :  t h e r e  a r e  
t wo  ma i n  c lu s t e r s :  ( 1 , 7 ,8 , 4 ,9 , 1 0 ,5 )  an d  
(2 ,6 ,3 ) ;  wi th i n  each  o f  t h e  t wo  ma in  c l u s t e r s  
t h e r e  a r e  su b c l us te r s  ( 1 ,7 , 8 )  an d  (4 ,9 , 1 0 ,5 ) ,  
an d  (2 , 6 )  an d  ( 3 ) ;  an d  s o  o n .  
b )  C lu s t e r  an a l ys i s  me th o d s  
Th i s  s e c t io n  l i s t s  s o me  wi d e l y- u s ed  
ex p l o ra t o ry  c l u s t e r  an a l ys i s  m e th o ds .  I t  i s  
n o t  ev e n  n ea r ly  ex h au s t iv e :  an  ex ten s iv e  
r a n ge  o f  me th o ds  i s  a v a i l ab le ,  fo r  wh ich  th e  
r e ad e r  i s  r e fe r r ed  t o  t h e  l i t e r a tu r e  o n  c lu s t e r  
an a l ys i s  c i t ed  ea r l i e r  i n  th i s  d i s cu s s ion .  
i .  L i n ea r  me th o d s  
Hie r a r ch i ca l  l i n ea r  me th o d s  co mp r i s e  a  gro u p  
o f  c lo s e l y  r e l a t ed  a l go r i th ms  wh ich  d e f in e  
p r ox imi t y  in  n -d i m en s i on a l  s p ace ,  t h e  n a t u r e  
o f  a  c lu s t e r ,  an d  c lu s t e r in g  a l go r i th ms  i n  a  
v a r i e t y  o f  wa ys :  s e e  fo r  ex a mp l e  Du d a  e t  a l .  
( 2 00 1 ,  c h .1 0 ) ,  Ev e r i t t  ( 2 0 0 1 ) ,  Ev e r i t t  /  Du n n  
(2 00 1 ,  ch . 6 ) ,  Go r d o n  (19 99 ,  6 9 -10 9) ,  Go re  
(2 00 0 ) ,  Ha i r  e t  a l .  ( 1 9 9 8 ,  4 6 9- 51 8 ) ,  J a in  e t  
a l .  ( 1 9 99 ,  2 7 5 -9 ) ,  Kach i gan  (1 9 9 1 ,  2 6 1-70 ) ,  
Oak es  (1 99 8 ,  1 10 -12 0 ) .   
No n h ie r a r ch ica l  l i n ea r  me t h o d s  i n c lu d e  PCA 
an d  SVD in  t h a t ,  i f  d i men s io n a l i t y  i s  r ed u ced  
t o  n = 2  o r  n =3 ,  t h e  d a ta  v ec t o rs  c an  b e  
d i s p layed  an d  an y c lu s t e r s  v i su a l l y  id en t i f i ed  
u s i n g  co n v en t io n a l  p lo t t in g  t o o l s .  An o t h e r  
p o pu l a r  l i n ea r  no n h ie r a r ch i ca l  me th o d  i s  
mu l t id i men s io n a l  s ca l in g  (M DS) :  B o rg  /  
Gro en e n  (2 00 5 ) ,  Dav i s o n  /  S i r e c i  ( 2 00 0 ) ,  
Ev e r i t t  /  Du n n  ( 20 0 1 ,  ch . 4 ) ,  Go rd on  (1 9 99 ,  
1 5 7- 67 ) ,  Gr i mm  /  Ya rn o ld  (1 99 5 ,  1 3 7-68 ) ,  
Ha i r  e t  a l .  ( 1 9 9 8 ,  5 1 9 -7 6) ,  Kach i ga n  (1 99 1 ,  
2 7 1- 78 ) .  
i i .  No n l in ea r  me t h o d s  
In  p a r a l l e l  w i t h  l i n ea r  PC A an d  SVD ,  
n o n l inea r  v a r i ab le  r ed e f in i t i o n  me t h o d s  
( J o l l i f f e  2 0 0 2 ,  ch . 1 4 )  c an  b e  us ed  fo r  c lu s t e r  
an a l ys i s  i f  d i men s io n a l i t y  i s  r ed u ced  to  2  o r  
3  (B i s h op  (1 99 5 ,  XXX) ,  Du d a  (2 0 01 ,  5 6 9 -
7 0 ) ) .  Be yo n d  th es e ,  t h e r e  i s  a  go o d  r an ge  o f  
me th o d s ,  s u ch  a s  no n l i n ea r  mu l t i d i men s io n a l  
s c a l in g  ( X XX) ,  p r in c ip a l  c u rv e s  ( Has t i e  &  
S t u e tz l e  ( 1 9 89 ) ) ,  I s o map  (Ten e n bau m e t  a l .  
( 2 00 0 ) ) ,  l o ca l l y  l i n ea r  emb ed d in g  (R o we is  & 
Sau l  ( 2 0 00 ) ) ,  p r in c i a l  c u rv e s ,  an d  
cu r v i l in mea r  d i s t an ce  an a l ys i s  ( X XX) .  A  v e r y  
f r eq u en t l y u s ed  o ne  (Kas k i  e t  a l .  1 9 9 8 ;  O ja  e t  
a l .  2 0 0 1 )  i s  t h e  Se l f - Or ga n iz i n g  Ma p  (SOM) ,  
an  a r t i f i c i a l  n e u ra l  n e two rk  t h a t  was  
o r ig in a l l y  in t en d ed  t o  mo d e l  b io l o gic a l  b r a in  
o r gan iza t io n ,  b u t  h a s  fo u n d  ex t ens i v e  u s e  in  
c l u s t e r  a n a l ys i s  ap p l i c a t i o n s  (Ko h o n en  
(2 00 1 ) ) .  
c )  C au t i o n  
Wh a tev e r  me th o d  i s  s e l ec t ed  i n  an y p a r t i cu l a r  
an a l ys i s ,  i t  c an n o t  b e  exp ec t ed  t o  p ro v id e  th e  
' t r u e '  c l u s t e r  s t r u c t u r e  o f  th e  d a ta  man i fo l d .  
On e  r ea s o n  fo r  th i s  i s  t h a t  e ach  me th o d  e i t h e r  
i mp l i c i t l y  o r  e x p l i c i t l y  mak e s  a s sump t i o n s  
ab ou t  wh a t  co n s t i tu t e s  a  c lu s t e r  a n d  h o w 
c l u s t e r s  so  d e f i n ed  can  b e  a l go r i th m ica l l y  
i d en t i f i ed ;  d i f fe r e n t  me th o d s  can  an d  o f t en  
d o  ge n e ra t e  d i f fe r e n t  c l u s t e r  r e s u l t s  fo r  th e  
s a me  d a ta .  On  t h e  o t h e r ,  t h e  me th o d s  d ep en d  
t o  gr ea te r  o r  l e s s e r  d egr ee s  o n  p a rame t e r  
v a l u es  th a t  a r e  us e r - s up p l i ed ;  aga in ,  d i f fe r en t  
p a r ame te r  v a lu e s  can  and  d o  y ie l d  d i f fe r en t  
r e s u l t s  fo r  co n s tan t  d a t a .  In  s u ch  a  s i t u a t i o n ,  
i t  i s  n o t  o b v i ous  wh i ch  me t h o d  an d / o r  
co mb in a t io n  o f  p a r ame te r  v a lu e s  i s  to  b e  
p r e fe r r ed  in  an y  g iv e n  ap p l i c a t i o n ,  o r  wh y.  
Th i s  l e a d s  to  an  ob v i ou s  qu es t io n :  wh a t  a r e  
t h e s e  c l us t e r in g  a l go r i th ms  r ea l l y  t e l l i n g  u s  
ab ou t  t h e  s t r u c t u r e  o f  th e  d a ta  th e y  d e s c r ib e  -
-h o w r e l i ab l e ,  i n  o th e r  wo r ds ,  a re  t h e s e  
me th o d s ,  a n d  a r e  t h e y  i n  fa c t  o f  an y  u s e  a t  
a l l  i f  t h e y  can n o t  b e  r e l i ed  o n  to  r e v ea l  th e  
t r u e  s t r u c tu r e  o f  th e  d a t a?  
In  th e  l i t e r a tu r e  th e r e  a r e  two  ma in  
ap p ro ach es  to  an  a n s wer .  On e  i s  t o  a t t emp t  to  
e s t ab l i sh  th e  v a l id i t y  o f  c l u s t e r  r e s u l t s  u s in g  
n u mer i ca l  mea s u re s  - -o f  th e  d e gree  o f  
s t r u c t u re  i n  d a ta ,  o f  th e  q u a l i t y  an d  
ro bu s tne s s  o f  in d i v id u a l  c lu s t e r s ,  and  o f  th e  
r e l a t iv e  go o d n es s  o f  r e s u l t s  gen e r a ted  b y  
d i f fe r en t  c l u s t e r in g  me t h o d s  Th e  o t h e r  
ap p ro ach  i s  to  ap p l y  a  v a r i e t y  o f  d i f fe r en t  
c l u s t e r in g  me t h o d s  t o  th e  s ame  d a ta  an d  to  
co mp ar e  th e  r e s u l t s :  a  c l e a r  co n v e rge n ce  o n  
o n e  p a r t i cu la r  c lus t e r  s t r u c tu r e  i s  h e l d  to  
s up po r t  t h e  v a l i d i t y  o f  th a t  s t r u c tu r e  w i th  
r e s p ec t  to  t h e  d a t a .  An d ,  o f  co u r s e ,  t h e  two  
ap p ro ach es  can  b e  u s ed  in  co mb in a t io n  ( fo r  a  
s u m mar y  o f  c lu s t e r  v a l i d a t i o n  app r o ach es  and  
me th o d s  s e e  Ev e r i t t  e t  a l .  2 0 0 1 ,  ch .8 ;  Du d a  e t  
a l .  2 0 0 1 ,  5 5 7 -9 ;  Tan  e t  a l .  2 0 0 6 ,  5 32 -5 5 ) .  
5 .  Ex a mp le  
Th e  fo r e go in g  d i s cu ss io n  o f  d a t a  c r ea t io n  
u s ed  a  l ex ica l  t yp e  f r eq u en c y ma t r i x  a s  d a ta  
fo r  ex e mp l i f i c a t io n  o f  d a t a  c r ea t io n  c o n cep t s .  
In  th e  p r e s en t  s ec t i o n ,  a  d i f fe r en t  d a t a  s e t  i s  
u s ed  in  o rd e r  t o  sugge s t  o th e r  ap p l i c a t io n s  o f  
ex p l o ra t o ry  mu l t iv a r i a t e  a n a l ys i s .  Th e  d a ta  i s  
ab s t r ac ted  f ro m  a  Ne wcas t l e  E le c t ro n ic  
C o rp us  o f  T yn es i d e  En g l i s h  (N EC TE ;  r e f s ) ,  a  
co r pu s  o f  d i a l ec t  s p ee ch  r eco rd ed  i n  th e  
n o r th - ea s t  o f  En gl an d  in  th e  l a t e  1 96 0 s  and  
t h e  ea r l y 1 9 9 0 s .  I t  i n c l u d es  d e ta i l ed  ph o ne t i c  
t r an s c r ip t io ns  o f  t h e  in t e rv i ews  fo r  6 3  
i n fo rman t s ;  t h e  r e s ea r ch  a im fo r  p r e s en t  
p u rp os e s  i s  to  d e te r mi n e  o n  th e  b a s i s  o f  t h e s e  
t r an s c r ip t io ns  wh e th e r  th e  i n fo r man t s  c an  b e  
c l a s s i f i e d  o n  th e  b a s i s  o f  th e i r  p h on e t i c  
u s a ge  i n  a  s o c i o l in gu i s t i c a l l y  in t e r e s t in g  
wa y.  
Th e  an a l ys i s  i s  b a s ed  o n  co mp ar i s on  o f  
p r o f i l e s  a s s o c ia t ed  wi th  each  o f  t h e  T LS  
s p e ak e rs .  A  p ro f i l e  fo r  an y  s p eak e r  S  i s  th e  
n u mb er  o f  t i mes  S  u s e s  e ach   on e  o f  th e  
p h on e t i c  s egmen t s  d e f in ed  b yi n  th e  
t r an s c r ip t io n  s ch eme  in  h i s  o r  h e r  i n t e rv i ew.  
M o re  s p ec i f i c a l l y ,  t h e  p ro f i l e  P  a s s o c ia t ed  
wi t h  S  i s  a  v ec to r  h av in g  a s  ma n y e l e m en t s  a s  
t h e r e  a r e  co d es  s uch  t h a t  e ach  v ec to r  e l emen t  
P j  r ep r e s en t s  t h e  j ’ th  s egme n t ,  wh e re  j  i s  i n  
t h e  r an ge  1 . . n u mb e r  o f  co d es  in  th e  
t r an s c r ip t io n  s ch eme ,  an d  t h e  v a l u e  s t o r ed  a t  
P j  i s  a n  in t e ge r  r ep re s en t i n g  th e  n u mb er  o f  
t i mes  S  u s e s  t h e  j ’ th  s egmen t .  Th e r e  a r e  1 56  
s e gmen t s  i n  t h e  s c h eme ,  an d  s o  a  p ro f i l e  i s  a  
l en gth - 1 5 6  v ec to r .  Th e r e  a r e  6 3  T LS  
s p e ak e rs ,  an d  t h e i r  p ro f i l e s  a r e  r e p re s en ted  
i n  a  ma t r ix  h av ing  6 3  r o ws ,  o n e  fo r  e ach  
p r o f i l e .  Th e  p h o ne t i c  f r eq u e n cy d a ta  
ab s t r ac ted  f ro m  th e  t r an s c r i p t i o n s  i s  
t h e r e fo re  a  6 3  x  1 5 6  ma t r i x  M .  
M  was  t r an s fo rme d  in  t wo  wa ys  p r i o r  to  
an a l ys i s .  B ecau s e  th e  l en g th  o f  t h e  i n t e r v iews  
an d  co ns eq u en t l y  o f  t h e  t r an s c r ip t ion s  v a r i e s  
s i gn i f i c an t l y ,  t h e  ro ws  o f  M we re  f i r s t  
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n o r ma l i zed  u s in g  th e  a v e rage  d o cu men t  
l en gth  n o rma l i za t io n  me t h o d  de s c r i b ed  
ab ov e .  D i men s io na l i t y  was  t h en  r ed u ced  
u s i n g  t h e  v a r i an c e  me th o d ;  an y  o f  th e  
me th o d s  o u t l i n ed  a b o v e  c ou ld  h av e  b een  
u s ed ,  b u t  s in ce  th e  a i m  h e re  i s  
ex e mp l i f i c a t i o n  r a th e r  th an  t o  es t ab l i s h  
s ub s tan t ive  r e su l t s  ab o u t  th e  NEC T E  co rpu s ,  
t h e  s e l ec t i o n  o f  m e th o d  i s  n o t  c ru c ia l .  Th e  
v a r i an ces  o f  th e  1 5 6  co l u mn s  o f  M were  
ca l cu la t ed ,  s o r t ed  in  o rd e r  o f  d e c rea s in g  
ma gn i t u d e ,  an d  p lo t t ed :  
 
F i gu re  2 2 :  Va r i an ce  p ro f i l e  o f  th e  1 5 6  
v a r i ab l es  i n  t h e  d a ta  ma t r ix  M  
Th e  v a r i ab le s  to  the  r i gh t  o f  t h e  8 0 t h  co lu mn s  
o r  so  h ave  s uch  l ow v a r i an ce  th a t  t h ey  can  b e  
e l i min a t ed  f ro m c o ns i d e ra t ion .  Th e y  we r e ,  
t h e r e fo re ,  r e mo v ed  f ro m M,  r e s u l t i n g  in  a  
r e d u ced -d i men s io na l i t y  6 3  x  8 0  ma t r i x  fo r  
an a l ys i s .  
M  was  a n a l yze d  u s i n g  o n e  o f  th e  h ie r a r ch ic a l  
me th o d s  ( s q u a red  Eu c l i d ean  d i s t an ce  meas u re  
an d  th e  in c r ea se  in  s u m o f  s q u a res  c lu s t e r in g  
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a l go r i th m) ,  w i th  th e  fo l lo win g r e s u l t :  
 
F i gu r e  2 2 :  H ie r a r c h i ca l  c lu s t e r  an a l ys i s  o f  
d a ta  ma t r i x  M  
Th e r e  a r e  t wo  ma i n  c lu s t e r s ,  l ab e l l e d  NG1  
an d  NG2 ,  an d  NG1  h as  s ub c l us te r s  wi th  
l ab e l s  in d ic a t i n g  co ns t i tu e n c y.  Us i n g  s o c i a l  
d a t a  a s s o c ia t ed  wi t h  th e  NEC T E  i n fo rman t s ,  
i t  was  fo u n d  th a t  NG1  co n s i s t s  o f  mid d l e -
c l a s s  sp eak e rs  and  NG2  o f  wo r k in g  c l a s s  
o n es ;  N G1 b  co n s is t s  en t i r e l y  o f  me n ,  an d  
NG1 a  ma i n l y  o f  wo men .  In  s h o r t ,  u s in g  
p h on e t i c  f r eq u en cy d a t a ,  h i e r a r ch i ca l  c lu s t e r  
an a l ys i s  h a s  d i s co v e red  s o c io l in gu i s t i c a l l y  
i n t e r e s t i n g  s t ru c t u r e .  Fo r  fu r t h e r  i n fo rma t io n  
o n  th i s  s t ud y s ee  ( r e f ) .  
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6 .  Ex p lo ra to r y  mu l t iv a r i a t e  an a l ys i s  in  
co r pu s  l in gu i s t i c s  
An y c o l l e c t io n  o r  wr i t t en  o r  s p ok en  la n gu a ge  
p o t en t i a l l y  co mes  wi th in  th e  r e m i t  o f  co rp u s  
l in gu i s t i c s ,  an d  a s  s u ch  i t  c an  i n c lu d e  no t  
o n l y t h e  t r a d i t i o n a l  s ub d is c i p l i ne s  o f  
l i n gu i s t i c s  p ro p e r  - - p ho no lo gy ,  mo rp h o l o gy,  
an d  s o  o n - -  b u t  a l s o  th e  p h i lo l o gic a l  wo rk  
t h a t  co mes  u n d e r  t h e  h ead in g  'h u ma n i t i e s  
co mp u t in g '  a s  we l l  a s  in fo r ma t i o n  r e t r i e v a l  
an d  d a ta  min i n g  f ro m fu l l - t ex t  co l l e c t io n s .  
To  k eep  th e  l en g th  o f  t i s  s ec t io n  w i t h in  
r e a s on ab l e  b ou nd s ,  t h e r e fo re ,  t h e r e  i s  n o  
a t t e mp t  a t  ex h au s t iv en es s .  Th e  a i m ,  r a th e r ,  i s  
t o  p ro v id e  a  s e l ec t i o n  o f  r e fe r en ces  t h a t  i s  
r e p res e n ta t iv e  o f  t h e  ap p l i c a t i o n  o f  
ex p l o ra t o ry  mu l t iv a r i a t e  me t h o d s  t o  t ex t u a l  
co r po ra .  
a )  Gen e r a l  d i s cu ss i o ns :  B ib e r  /  C o n rad  /  
R ep p en  (2 00 0 ) ,  M cEn e r y  /  Wi l s o n  ( 2 00 1 ,  8 8 -
9 7 ) ,  Oak es  (1 99 8 ,  ch .  3 ) ,  Wo o d s  /  F l e t ch e r  /  
Hu gh es  (1 98 6 ,  ch s .  1 4 ,  1 5 ) .   
b )  Sp ec i f i c  ap p l i c a t io n  a r ea s :  
•  Lan gu a ge  c l a s s i f i c a t io n :  K i t a  ( 1 9 9 9 )  
•  Ph o n e t i cs  /  p h o no lo g y:  M i l l e r  & Ni ce l y  1 9 5 5 ;  
Sh ep a rd  1 97 2 ,  Wo o d s  e t  a l  1 9 8 6 ;  J a s s em  /  
Lo b acz  (1 9 9 5)  
•  Mo r p ho lo gy:  Oak es  & Ta ylo r  1 9 9 4  
•  S yn tax :  Nak a mu ra  1 9 93  (R e f  <  M cEn e r y  & 
Wi l s o n  2 0 01 ) ;  Gr i e s  ( 2 00 1 ) ;  Gama l lo  e t  a l .  
( 2 00 5 )  
•  Lex ica l  s eman t i c s  /  Wo r d - s en s e  
d i s amb i gu a t i o n :  Ya r o ws k y 2 0 0 0 ;  S t ev en so n  /  
Wi l k s  (2 0 0 3 ) ;  Ze r n ik  1 9 91 ;  Ped e r s en  (2 0 06 ) ;  
Wa t t e r s  2 0 0 2 ,  LS I  
•  Di a lec to lo g y:  Han d l e r  & Hu mmel  1 9 8 9 ;  
Ke s s le r  1 99 5 ;  He r r in ga  & Nerb o n n e ;  
Ne rb o nn e  & Hee r i n ga ;  Ou t l i n e  /  h i s to r y  o f  
mu l t i v a r i a t e  me t h o d s  in  d la l ec to l o gy i n  
Ch amb e r s  & Tru d gi l l  1 9 9 8 ;  Kr e tz s ch ma r  &  
Sch n e id e r  1 9 9 8  
•  So c io l in gu i s t i c s :  H o rv a th  1 9 85  ;  J o n es -
Sa rgen t  1 9 8 3 ;  Sank o f f  1 9 7 8 ,  1 9 8 9 ;  A l l e n  /  
Ma gu i r e  /  Mo is l  2 0 0 6  ( o th er s ? ) ;  C h am b er s  
1 9 95  g i v e s  an  o v e rv ie w 
•  Tex t  c l a s s i f i c a t io n :  B ib e r  & F i n e gan  1 9 8 6 ,  
B i b e r  1 9 88 ,  Leb a r t  &  R a j ma n  2 0 0 0 ;  W i l l e t t  
1 9 88 ;  Man n i n g  &  S ch u tze  ch .  1 6 ;  a l l  t h e  IR  
s tu f f ,  i e  S t r za lk o w s k i  ( 1 99 9)  
•  St yl o me t r y :  Mc En e r y  & Oak es  2 0 0 0 ;  Led ge r  
(1 99 5 ) ,  M ea l an d  ( 19 9 5) ,  Te mp le  (1 9 9 6)  
Ho o v e r  ( 20 03 ) .  L i n man s  (1 9 98 )  
7 .  L i t e r a t u r e  ( a  s e l e c t i o n )  
B i b e r ,  D.  ( 1 9 88 )  Va r ia t io n  a c ro ss  Sp eech  
a n d  Wr i t in g .  Ca mb r id ge :  Camb r id ge  
Un iv e r s i t y  P r e s s .  
B i b e r ,  D .  /  C o n rad ,  S .  /  R ep p en ,  R .  ( ed s . )  
( 2 00 0 ) ,  C o r pus  L in g u i s t i c s :  I n ve s t ig a t in g  
La n gu ag e  S t r u c tu r e  an d  Us e .  C a mb r id ge :  
C amb r i d ge  Un iv e r s i t y  P r e s s .  
B i b e r ,  D .  /  F i n e gan ,  E .  ( 1 9 8 6 )  An  In i t i a l  
T yp o l o g y o f  En gl i s h  Te x t  T yp es .  In :  Aa r t s ,  
J . /  M e i j i s ,  W.  ( ed s . )  C o r p us  L in g u i s t i c s  I I .  
A ms te r d am:  R o d o p i .  
B i s h op ,  C .  ( 1 9 95 ) ,  N eu r a l  N e tw o r ks  f o r  
Pa t t e r n  Reco g n i t i o n .  Ox fo r d :  C l a r en do n  
P re s s .  
B i s h op ,  C .  /  Sv en s én ,  M .  /  Wi l l i a ms ,  C .  
( 1 99 8 )  GTM :  Th e  gen e r a t i v e  t o po gra p h ic  
map p in g .  In :  N eu r a l  C o mp u ta t i o n  1 0 ,  2 1 5-34 .  
B o r g ,  I .  /  Gro e n en ,  P .  ( 2 0 0 5 ) ,  M o d er n  
Mu l t id i men s io na l  S ca l in g :  Th eo r y  a nd  
Ap p l i ca t io n s ,  2 nd  ed . ,  B e r l in :  Sp r in ge r .  
C h amb er s ,  J .  ( 1 99 5)  So c i o l i n gu i s t i c  T h eo ry .  
L in gu i s t i c  v a r i a t i o n  an d  i t s  s o c ia l  s i gn i f i c an ce  (2 n d  
ed  o u t  2 00 2 )   
C h amb er s  1 9 97  
C h amb er s ,  J .  & Tru d gi l l ,  P  (1 9 9 8 )  D ia l ec to l o g y,  
2 n d  ed  
C l a rk e ,  G . ,  Co o k e ,  D .  ( 1 9 9 8 )  A  b as ic  
C o u rs e  i n  S ta t i s t i c s ,  4 th  ed . ,  Lo n d o n :  Arn o l d .  
Da l e ,  R . ,  Mo i s l ,  H . ,  So mer s ,  H.  ( 2 0 0 0)  Ha n d b oo k  
o f  N a tu r a l  La ng ua ge  Pr o ces s in g ,  New Yo rk :  Mar ce l  
Dek k e r .  
Dav i s o n ,  M .  /  S i r ec i ,  S .  ( 2 0 00 ) ,  
M u l t i d i men s i o n a l  s c a l i n g .  In :  T i n s le y ,  H. /  
B ro wn ,  S .  ( 2 0 0 0 ) ,  3 2 3-52 .  
D i a man ta r a s ,  K .  /  Ku n g ,  S .  ( 1 9 96 ) ,  
Pr i n c ip a l  C o mp on en t  Ne ur a l  N e tw o r k s :  
Th eor y  a nd  Ap p l i c a t io n s .  New J e r s e y:  Wi l e y-
In te r s c ien c e .  
Du d a ,  R . ,  Ha r t ,  P . ,  S t o rk ,  D .  ( 2 0 0 1 )  Pa t t e rn  
C la s s i f i c a t io n ,  2 nd  ed . ,  J ew  Yo r k :  Wi le y  
In te r s c ien c e .  
Ev e r i t t ,  B .  ( 2 0 0 1 ) ,  C lu s te r  An a lys i s ,  4 t h  ed .  
Lo n d o n :  Arn o l d .   
Ev e r i t t ,  B .  /  Du n n ,  G .  ( 2 0 0 1 ) ,  App l i ed  
Mu l t i va r i a te  Da t a  An a ly s i s ,  2 n d  ed .  Lo n d o n :  
Arn o l d .  
F r ak es ,  W. B .  /  B aeza - Ya te s ,  R . ( 1 9 92 )  
In fo r ma t i on  Re t r i e va l :  Da ta  S t r u c tu r es  & 
A lg o r i t h ms .  En g l e wo o d  C l i f f s ,  NJ :  P r en t i c e -
Ha l l .   
F r a l e i gh ,  J .  /  B eau r ega rd ,  R .  ( 1 9 9 5) ,  
Li n ea r  A lg ebr a ,  3 r d  ed .  Bo s ton :  Ad d i s on -
Wes le y .  
Ga ma l l o ,  P . ,  A gu s t i n i ,  A . ,  Lo p es ,  G .  ( 2 0 05 )  
C lu s te r in g  S yn tac t i c  Po s i t io n s  w i th  S i m i l a r  
Seman t i c  Req u i r em en t s ,  C o mp u t a t i o n a l  Lin gu i s t i c s  
M arch  2 0 05 ,  Vo l .  3 1 ,  No .  1 :  1 0 7 -14 6 .  
Go r d o n ,  A .  ( 1 9 99 )  C la s s i f i ca t io n ,  2 n d  ed .  
Lo n d o n :  C h ap man  & Ha l l .  
Go r e ,  P .  ( 2 0 0 0 ) ,  C l u s te r  An a l ys i s .  In :  
T in l s e y ,  H . /  B ro wn ,  S .  ( 2 0 0 0 a ) ,  2 97 -32 1 .  
Gr i e s ,  A .  ( 2 0 0 1 )  Mu l t i fa c t o r i a l  An a l ys i s  o f  
S yn t ac t i c  Va r i a t i o n :  Pa r t i c l e  M o v emen t  
R ev i s i t ed ,  J ou rn a l  o f  Qu an t i t a t iv e  Lin gu i s t i c s  
8 ,  3 3 - 50 .  
Gr i m m,  L .  /  Ya r n o ld ,  P .  ( ed s . )  (1 9 95 ) ,  
Rea d i n g  an d  Und ers ta nd i ng  Mu l t i va r i a te  
S t a t i s t i c s .  A mer i can  Ps yc h o lo gic a l  
As s o c ia t i o n .  
Ha i r ,  J .  /  An d e r s o n ,  R .  /  Ta t h a m,  R .  /  
B la ck ,  W.  ( 1 9 9 8 ) ,  Mu l t i va r i a te  Da ta  
An a l y s i s ,  5 t h  ed .  Lo n d o n :  P ren t i c e -Ha l l  
In t e rn a t io n a l .  
Has t i e ,  T .  /  S tu e tz l e ,  W.  ( 1 9 8 9 )  P r inc i p a l  
cu r v es .  In :  Jo u r n a l  o f  t h e  Amer i ca n  
S t a t i s t i c a l  As s o c ia t io n  8 4 ,  5 02 -16 .  
Hee r in ga ,  W .  /  Ne rb o n n e ,  J .  ( 2 00 1 )  D ia l ec t  
a r ea s  an d  d ia l ec t  co n t in u a .  In :  L a n gu ag e  
Va r i a t i o n  an d  C h an g e  13 ,  3 7 5 -4 00 .   
H i lb o rn ,  R .  ( 2 0 0 0) ,  C h a o s  a nd  N o n l i n ea r  
Dyn a mics ,  2 n d  e d .  Ox fo rd :  Ox fo rd  Un i v e r s i t y  
P re s s .  
Ho o v e r ,  D .  ( 2 0 03 )  Mu l t i v a r i a t e  An a l ys i s  an d  th e  
S t u d y o f  S t y l e  Va r i a t io n ,  L i t e r a r y  an d  Lin gu i s t i c  
C o mp u t i n g  1 8 ,  3 4 1 - 3 60 .  
Ho r v a th ,  B .  ( 1 9 85 ) ,  Va r ia t io n  in  
Au s t r a l i an  En g l i s h .  C a mb r id ge :  Ca mb r id ge  
Un iv e r s i t y  P r e s s .  
Hu l l ,  D .  ( 1 9 9 6 )  S te m min g a l go r i t h ms :  a  
c a s e  s t ud y fo r  d e ta i l ed  ev a lu a t io n ,  Jou rn a l  o f  
t h e  Amer ica n  S o c i e t y  fo r  I n for ma t io n  
S c i en ce ,  4 7 (1 ) ,  7 0 -8 4 .  
J a in ,  A.  /  M u r t y ,  M .  /  F l yn n ,  P .  ( 1 9 9 9) ,  
Da ta  c lu s t e r in g:  A  r ev iew.  In :  AC M 
C o mp u t i n g  S ur veys  3 1 ,  2 6 4 –3 23 .  
 
J a s s em,  W . ,  Lo b a cz ,  P .  ( 1 9 95 )  
M u l t i d i men s i o n a l  Sca l i n g  an d  i t s  
Ap p l i ca t i o n s  in  a  Pe rcep t u a l  An a l ys i s  o f  
Po l i s h  C o n so na n t s ,  J o u rn a l  o f  Qu an t i t a t iv e  
Lin gu i s t i c s  2 ,  XXX  -  1 0 5  
J o l l i f fe ,  I .  ( 2 0 0 2 ) ,  Pr in c i p a l  C o mp o n en t  
An a l y s i s ,  2 n d  ed .  Be r l i n :  Sp r in ge r .  
J on es -Sa rgen t  V .  ( 1 9 83 )  Ty n e  By t e s :  a  
co mp u t e r iz ed  s oc i o l i n g u is t i c  s tud y  o f  
Tyn es id e  En g l i sh .  F r an k fu r t :  P .  Lan g.  
Kach i gan ,  S .  ( 1 9 9 1) ,  Mu l t i va r i a te  
S t a t i s t i c a l  An a l y s i s .  A  co n cep t ua l  
i n t r o du c t ion .  Ne w Yo r k :  R ad i u s  P re s s .  
Kes s le r ,  B .  ( 1 9 95 )  Co mp u t a t i o n a l  
d i a l ec t o lo gy  i n  I r i s h  Gae l i c ,  Sev e n th  
C o n fe r en ce  o f  th e  Eu ro p ean  C h ap te r   o f  th e  
As s o c ia t i o n  fo r  C o mp u ta t io n a l  Li n gu i s t i c s ,  
Un iv e r s i t y  C o l l e ge  Du b l in ,  M arc h  1 9 95  
Ki ta ,  K.  ( 1 9 9 9 )   Au to ma t i c  C lu s t e r i n g  o f  
Lan gu a ges  B as ed  o n  P ro b ab i l i s t i c  M o d e l s ,  
J ou rn a l  o f  Qu an t i t a t i v e  Lin gu i s t i c s  6 ,  1 6 7-
1 7 1  
Ko h o n en ,  T .  ( 2 0 01) ,  S e l f - Or g a n i z in g  Ma p s ,  
3 r d  e d .  Be r l i n :  Sp r in ge r .  
Kre tz s c h mar  &  Sch n e id e r  19 96  
Leb a r t ,  L . ,  R a j ma n ,  M .  (2 0 0 0 )  Co mp u t in g  
s i mi la r i t y ,  i n  Da l e  e t  a l .  ( 2 0 0 0) ,  4 7 7 -  5 0 5 .  
Led ge r ,  G  . ( 1 9 9 5 )  An  Ex p l o ra t io n  o f  D i f fe r en ces  
i n  th e  Pau l in e  Ep i s t l e s  u s i n g  M u l t iv a r i a t e  
S t a t i s t i c a l  An a l ys i s ,  L i t e r a r y  an d  Li n gu i s t i c  
C o mp u t i n g  1 0 ,  8 5 - 9 7  
Lee ,  J .  /  Le n d as se ,  A .  /  Ve r l e ys en ,  M .  
(2 00 4 ) ,  No n l in e a r  p r o jec t ion  wi th  cu rv i l in ea r  
d i s t an c es :  Is o map  v e r su s  cu rv i l i n ea r  d i s t an ce  
an a l ys i s .  In :  N eu r oco mp u t in g  57 ,  4 9 -76 .  
Lin m an s ,  A .  ( 1 9 9 8 )  C o r r e s po nd ence  A n a l ys i s  o f  
t h e  S yn o p t i c  Go s p e l s ,  Li t e r a r y  an d  Li n gu i s t i c  
C o mp u t i n g  1 3 ,  1 - 1 3 .  
M acKa y,  D .  ( 2 0 0 3 )  In fo r ma t io n  Th eo r y ,  
In fe r en ce ,  an d  Lea rn in g  Al go r i t h ms ,  
C amb r i d ge :  Ca mb r i d ge  Un iv e r s i t y  P re s s .  
M an n i n g  C .  /  Sch ü t ze  H .  ( 1 99 9 )  
Fo u n da t io ns  o f  S t a t i s t i ca l  N a t u r a l  La n g ua ge  
Pr o ce ss in g .  Ca mb r id ge ,  M as s . :  M IT  P r e s s .  
 
Mea l an d ,  D .  ( 1 9 9 7 )  Me as u r i n g  gen re  d i f fe r en ces  
i n  M ark  wi th  co r r e s po nd en ce  ana l ys i s ,  L i t e r a r y  an d  
Lin gu i s t i c  Co mp u t i n g  1 2 ,  2 2 7 -2 45 .  
M cEn e r y ,  T . ,  Oak es ,  M .  (2 0 0 0 )  Au thor s h ip  
i d en t i f i c a t io n  an d  co mp u ta t io n a l  s t y l o me t r y ,  
i n  Da le  e t  a l .  ( 2 0 0 0) ,  5 4 5 - 62 )  
M cEn e r y ,  T .  /  Wi l s on ,  A .  ( 2 0 01 ) ,  C o rp us  
L i n g u i s t i c s ,  2 n d  ed .  Ed i n b u rgh :  Ed i n b u rgh  
Un iv e r s i t y  P r e s s .  
M en d e l so n ,  B .  ( 1 9 75 )  In t ro d u c t ion  to  
To p o l o gy,  3 r d  ed . ,  Ne w Yo rk :  Do v e r  
Pu b l i c a t io ns .  
M i l l e r ,  G . ,  N i ce l y ,  P .  ( 1 9 5 5 )  An  a n a l ys i s  
o f  p e r cep t u a l  c o n fu s i o n  amo n g  En gl i s h  
co ns on an ts ,  J ou r n a l  o f  th e  Ac o u s t i c  So c i e t y  
o f  A me r ica  2 7 ,  3 3 8 -5 2 .  
M i t k o v ,  R .  ( 2 0 0 3 )  Th e  Ox fo r d  Han d bo o k  o f  
C o mp u ta t io n a l  Li n gu i s t i c s ,  Ox fo rd :  Ox fo rd  
Un iv e r s i t y  P r e s s .  
M o is l  H L,  J o nes  V.  C lu s te r  an a l ys i s  o f  th e  
Newcas t l e  E lec t ro n i c  C o rpu s  o f  T yn es id e  
En gl i s h :  a  co mp a r i s o n  o f  m e t h o d s .  Li te r a r y  
a n d  L ing u i s t i c  C o mp u t i n g  20 05 ,  2 0 ,  1 -2 2 .  
M o is l  H . ,  M a gu i r e  W,  Al l en  W.  ( 2 0 06 )  
Ph o n e t i c  v a r i a t ion  i n  T yn es i d e :  ex p l o ra t o r y  
mu l t iv a r i a t e  an a l ys i s  o f  th e  N ewcas t l e  
E le c t ro n ic  Co r p us  o f  T yn es id e  En gl i s h .  In :  F .  
H in s k ens ,  ed .  La n g u ag e  Va r ia t i on .  Eu ro p ean  
Per s p ec t i v es .  A ms t e r d am:  M ee r t en s  In s t i tu t e ,  
2 0 06 .  
M u n k re s ,  J .  ( 2 00 0 ) ,  To p o l o g y ,  2 n d  ed .  Ne w  
J e r se y:  Pea r s o n  Edu ca t i o n  In te rn a t io n a l .   
Nak amu r a  1 9 9 3  
Ne r b o nn e  J .  /  Hee r i n ga  W.  (2 00 1 ) ,  
C o mp u ta t io n a l  co m p a r i so n  and  c l a s s i f i c a t io n  
o f  d i a l ec t s .  In :  Di a lec to lo g ia  e t  
Geo l i n g u i s t i c a  9 ,  69 - 83 .  
 
Oak es ,  M .  (1 9 9 8 ) ,  S ta t i s t i c s  f o r  C o rp us  
L i n g u i s t i c s .  Ed i n b urgh :  Ed in b u rgh  Un i v e r s i t y  
P re s s .  
 
Oak es ,  M . ,  Ta ylo r ,  M .  ( 1 9 94 )  
M o rp ho l o gica l  a n a l ys i s  in  v o cab u l a ry  
s e l ec t io n  fo r  t h e  Ri n gd o c  p h a r maco lo gic a l  
d a t ab as e ,  i n  P .  Ba rah on a ,  M .  Ve lo s o ,  J .  
B r ya n t  ( e d s . )  P ro ceed in gs  o f  th e  1 2 th  
In te rn a t io n a l  C o ngr e s s  o f  th e  E u r op ean  
Fed e r a t i o n  fo r  M ed ic a l  In fo r ma t i c s  ( 1 99 4 ) ,  
5 2 3- 8 .  
 Pe d e r s en ,  T .  ( 2 0 06 )  Un s u pe r v is e d  Co rpu s  
B as ed  M e th od s  fo r  WS D,  i n  Agi r r e ,  E .  /  
Ed mo n d s ,  P .  ( ed s . ) ,  Wo rd  Sen se  
Dis a mb i gu a t i o n  :  Al go r i t h ms  an d  
Ap p l i ca t i o n s ,  2 0 06 ,  Sp r in ge r .  
 
P i e r ce ,  J .  ( 1 9 80 )  An  In t ro d u c t ion  to  In fo r ma t io n  
Th eo r y.  S ymb o ls ,  S i gn a l s ,  an d  No i s e ,  2 n ed  ed . ,  
New Yo rk :  Do v e r  Pu b l i c a t i o ns .  
Po r t e r ,  E .  /  G le i ck ,  J .  ( 20 01 ) ,  N a tu r e ’s  
C h a os .  L i t t l e ,  B ro wn .  
P yl e ,  D .  ( 1 9 9 9 )  Dat a  Pr ep a r a t io n  fo r  Da ta  
Min i n g .  San  F r an c i s c o :  Mo rga n  Kau fm an n .  
R o we i s ,  S .  /  Sau l ,  L .  ( 2 0 0 0 ) ,  No n l in ea r  
d i men s io n a l i t y  r ed u c t i o n  b y  l o ca l l y  l i n ea r  
emb ed d i n g .  In :  S c i e n ce  2 9 0 ,  2 3 23 -23 26 .  
Sa l to n ,  G .  /  Mc Gi l l ,  M.  ( 1 9 8 3)  
In t ro d u c t ion  to  Mo d e r n  In fo r ma t i o n  r e t r i ev a l ,  
Au ck l an d :  McGraw - Hi l l .  
Sa n k o f f ,  D.  ( 1 9 78)  Li n g u i s t i c  Va r i a t i o n :  
Mo d e l s  a nd  Me t h o d s .  Ne w Yo rk :  Ac ad emic  
P re s s .  
Sa n k o f f  1 9 8 9  
Sh e p a rd ,  R .  ( 1 9 72 ) ,  P s ych o log ic a l  
r e p res e n ta t ion  o f  s p eech  s ou nds ,  In :  Hu ma n  
C o mmu n ica t io n .  A  Un i f i ed  V iew ,  ed .  Dav i d ,  
E. /  Den es ,  P .  Lo n d o n :  M cGraw- Hi l l .  
Sp r o t t ,  J .  ( 20 03 ) ,  C h a os  a nd  T i me -S er i es  
An a l y s i s .  Ox fo rd :  Ox fo rd  Un iv e r s i t y  P re s s .  
S t ev en so n ,  M. ,  Wi lk s ,  Y .  ( 2 0 0 3 )  Wo r d -
s e ns e  d i s amb igu a t i o n ,  in  Mi tk o v  ( 2 0 03 ,  2 4 9 -
6 5 ) .  
S t r za l k o ws k i ,  T .  ( 1 9 99 )  Na t u ra l  Lan gu a ge  
In fo r ma t i o n  R e t r i e v a l ,  K lu wer .  
Tab ach n ik ,  B .  /  F i d e l l ,  L .  ( 2 0 0 1 ) ,  Us in g  
Mu l t i va r i a te  S ta t i s t i c s ,  4 t h  ed .  B o s t on :  Al l yn  
an d  B acon .  
Tan ,  P / ,  S te in b ach ,  M . ,  Ku mar ,  V .  ( 2 0 06 )  
In t ro d u c t ion  to  Da t a  Min i n g ,  B o s to n :  Pea r s on  
Ad d i s on -Wes le y .  
Te mp l e ,  J .  ( 1 9 96 )  A mu l t iv a r i a t e  s yn th e s i s  
o f  p u b l i s h ed  P la to n i c  s t yl o me t r i c  d a t a ,  
L i t e r a r y  an d  Lin gu i s t i c  C o mp u t i n g  1 1 ,  6 7 -75 .  
Ten en b au m,  J .  /  d e  S i lv a  V .  /  Lan g fo rd  J .  
( 2 00 0 ) ,  A  g lo b a l  geo me t r i c  f r a me wo r k  fo r  
n o n l inea r  d imen s io n a l i t y  r ed u c t io n .  In :  
S c i en ce  29 0 ,  2 31 9— 2 32 3 .  
T i n s le y ,  H .  /  Br o wn ,  S .  ( 2 0 00 a ) ,  Ha n d b oo k  
o f  Ap p l i ed  Mu l t i va r ia te  S t a t i s t i c s  a nd  
Ma th ema t ica l  Mo d e l l i n g .  New  Yo r k :  
Acad emic  P re s s .  
T i n s le y ,  H.  /  Br o wn ,  S .  ( 2 0 00 b) .  
M u l t i v a r i a t e  S ta t i s t i c s  an d  Ma t h ema t i c a l  
M o d e l i n g .  In :  T i n s le y  H . / B r o wn ,  S .  ( 2 0 00 a ) ,  
3 - 36 .  
v a n  R i j s b e rge n ,  C .  ( 1 9 7 9 )  In fo r ma t io n  
R e t r i ev a l ,  2 n d  e d . ,  Lo n d o n :  B u t t e rwo r t h s .  
Ve r l e ys e n ,  M .  ( 2 0 03 ) ,  Lea r n in g  h i gh -
d i men s io n a l  d a t a .  In :  Li mi ta t io n s  and  fu t u r e  
t r en ds  in  n e u ra l  co mp u ta t i o n ,  Ab la m e yk o ,  S .  
/  Go r a s ,  L .  /  Go r i ,  M .  /  P iu r i ,  V .  ( ed s . ) .  
A ms te r d am:  IOS  P r e s s ,  1 41 -16 2 .  
Ves an to ,  J .  /  A lh o n i emi ,  E .  ( 2 0 00 ) ,  
C lu s te r in g  o f  th e  s e l f -o rgan i z in g  map .  In :  
IEE E Tr a n s a c t ion s  o n  Neu ra l  Ne tw o r ks  1 1 (3 ) ,  
5 8 6- 60 0 .  
Wa t t e r s ,  P .  ( 2 0 02 )
 
Di s c r i mi n a t i n g  En g l i s h  Wo r d  
Sen s es  Us i n g  C l u s te r  An a l ys i s ,  J o urn a l  o f  
Qu an t i t a t iv e  Lin gu i s t i c s  9 ,  7 7 -86  
Web b ,  A .  ( 2 0 0 2) ,  S ta t i s t i c a l  Pa t t e r n  
Reco g n i t i o n ,  2 n d  ed .  New  J e r s ey:  J o hn  Wi le y  
&  So n s .  
Wi l l e t t ,  P .  ( 1 9 88 )  R ecen t  t r en ds  in  
h i e r a r ch ic  do cu men t  c l u s t e r in g:  a  c r i t i c a l  
r e v iew,  In fo r ma t i o n  P ro ces s in g  an d  
M an age men t  2 4 ,  5 7 7 -97 .  
Wo o d s ,  A .  /  F l e t c h e r ,  P .  /  Hu gh e s ,  A .  
( 1 98 6 )  S ta t i s t i c s  in  La n g ua g e  S t u d ie s .  
C amb r i d ge :  Ca mb r i d ge  Un iv e r s i t y  P re s s .  
Xu ,  J .  /  C ro f t ,  W.  (1 9 9 8 )  Co rpu s - b a s ed  
s t em mi n g  u s in g  co -o ccu r r en ce  o f  wo rd  
v a r i an t s ,   A CM  Tr a ns a c t i on s  o n  I n for ma t io n  
S y s tems ,  1 6 (1 ) ,  6 1 -8 1 .  
Ya r o ws k y,  D.  ( 2 0 00 )  Wo rd - s en se  d i s amb i gu a t io n ,  
i n  Da le  e t  a l .  ( 2 0 0 0) ,  6 2 9 - 54  
Ze r n ik ,  U .  ( 1 9 9 1 )  Tra i n  1  v s  Tr a in  2 :  t a gg i n g  wo rd  
s e ns e  i n  a  co rp u s ,  i n  Ze rn ik ,  U .  ( ed . )  Lex ica l  
a cq u is i t io n :  ex p lo i t in g  o n - l in e  r e s ou rce s  to  b u i l d  a  
l ex ico n ,  H i l l s d a le  NJ :  La wr en ce  Er lb au m 
As s o c ia t e s .   
 
